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1 

 Introduction 

1.1 Problem statement 

Since the early developments of structural concrete, the shear strength of reinforced concrete one-way slabs and beams with 
and without transverse reinforcement has been the object of an extensive experimental and theoretical research. Several well-
established theories based on equilibrium considerations (stress fields and strut-and-tie models) can be applied for members 
with transverse reinforcement. On the contrary, for one- way slabs and beams without transverse reinforcement there is still a 
large debate on suitable approaches for shear design, and the shear strength has been traditionally estimated by means of 
empirical models. Over the past years, several mechanical models have been proposed and successfully applied, leading to 
code provisions. Nevertheless, in the scientific community, there is still not yet an agreement on the phenomena and parameters 
governing the shear capacity of these members. A possible reason for this disagreement is that the mechanical models, which 
have been developed, are usually based on the interpretation of the crack pattern after (or well before) failure occurs. This is a 
consequence of conventional measurement techniques, which in many cases have not been capable of tracking the development 
of the critical shear crack during the process of failure. Recently, new measurement techniques, e.g. the digital image correlation 
(DIC) technique, have shown to be a consistent tool to investigate on shear failures, allowing tracking the development and 
kinematics of the critical shear crack and investigating the process of failure and the phenomena governing the shear strength. 

Furthermore, the expressions of the mechanical models and codes of practice are usually based on tests on simply supported 
beams subjected to point load. However, most reinforced concrete members in practice are cantilevers or continuous one-way 
slabs without shear reinforcement subjected to distributed loading. This is for instance the case of cut-and-cover tunnels (Figure 
1.1a), silos (Figure 1.1b), foundations (Figure 1.1c), retaining walls (Figure 1.1d) and bridges. Therefore, it is questionable 
whether the existing design formula can correctly describe the actual behaviour of such members.  

 

Figure 1.1 Examples of reinforced concrete one-way slabs and members without stirrups: (a) cut-and-cover tunnel; (b) silo; (c) foundation; 
(d) retaining wall  

1.2 Objectives and scope of the study 

Based on these abovementioned issues, the main objectives of this research are to: 

 increase the number of available tests on reinforced concrete members without transverse reinforcement subjected to 
distributed loading; 

 investigate by means of refined measurement techniques the development of the critical shear crack in members 
subjected to different loading and support conditions; 

 provide experimental data on the shape and kinematics of the critical shear crack; 

 increase the understanding of the mechanisms of shear failure; 

(a) (b) (c) (d)
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 investigate on the role of the various shear-transfer actions carrying the shear force during loading and during the 
process of failure; 

 study the influence on the shear resistance of distributed loads acting close to the support; 

 develop a mechanical model based on the new experimental evidences that allows predicting the failure load, the 
deformation capacity and the theoretical location of the critical shear crack leading to failure; 

 provide simplified design equations based on the mechanical model. 

1.3 Organization of the thesis 

This section provides a brief description of the topics covered in each chapters of the thesis: 

 Chapter 2 provides a phenomenological description of the shear behaviour of reinforced concrete members without 
transverse reinforcement. First, the various shear-transfer actions involved in carrying the shear force are presented. 
Then, some selected experiments, which discuss the role of the shear-transfer actions and the influence of the location 
and shape of the critical shear crack, are reviewed. Finally, the main existing mechanical models and formulations 
for shear design are explained and discussed. 

 Chapter 3 presents the experimental results of the first thirteen specimens of the experimental campaign. The cracking 
pattern and the development of the critical shear crack are tracked in detail and a number of typical cracks is identified 
and described. Furthermore, the experimental results are discussed and related to the various shear-transfer actions, 
demonstrating that there is not always a single shear-transfer action governing failure.  

 In Chapter 4 the results of the entire experimental campaign are presented. The origin, development and role of each 
crack are further discussed in detail.  

 Chapter 5 discusses, for the specimens tested, the role of the various shear-transfer actions during loading and at 
failure. The contribution of the shear-transfer actions is calculated on the basis of the measured shape and kinematics 
of the critical shear crack. The results show the influence of the shape and location of the critical shear crack on the 
activation of the shear-transfer actions and that different shear-transfer actions may govern the shear strength. 

 In Chapter 6 a mechanical model for shear design of slender concrete members without shear reinforcement, based 
on the integration of the different shear-transfer actions and consistent with the main assumptions of the Critical 
Shear Crack Theory, is proposed and applied to simply supported members subjected to point loading. The main 
hypotheses and assumptions are validated through comparisons to detailed test measurements. Finally, the results of 
the mechanical model are checked against a large database.  

 In Chapter 7, the mechanical model is applied to members subjected to different loading and support conditions 
(simply supported beams, continuous beams, cantilevers subjected to point load with and without axial forces and to 
distributed load) showing the ability of the approach to account in a consistent manner for the various shear-transfer 
actions and to predict rather accurately the failure load. Furthermore, a closed-form equation is derived from the 
mechanical model. Finally, the proposed mechanical model and the closed-form equation are checked against a large 
number of available experimental results. 

 In Chapter 8, the mechanical model and the closed-form equation are extended and applied to lightweight reinforced 
concrete beams, reinforced concrete members with low amount of shear reinforcement and reinforced concrete 
members with steel fibres. Moreover, the closed-form equation derived in Chapter 7 is additionally simplified for 
design purposes. 
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 Shear in beams without 
transverse reinforcement: phenomenological 
considerations 

This Chapter provides a phenomenological description of the shear behaviour of reinforced concrete members 
without transverse reinforcement. The various shear-transfer actions in a cracked concrete member are presented. A number of 
selected experiments are revised, providing evidence of the role of the shear-carrying mechanisms and their dependency on the 
location and shape of the critical shear crack. Finally, the available mechanical models and the shear formulations of some 
codes of practice are explained and discussed. 

2.1 Shear-transfer actions 

A reinforced concrete beam without transverse reinforcement subjected to point load, prior to crack development, can be 
analysed by means of the theory of elasticity. For increasing levels of load, several flexural cracks propagate from the tension 
side of the specimen. At this load stage, a number of shear-transfer actions [1] can develop allowing transferring the shear force 
from the load introduction plate to the end support.  

Traditionally, the shear-transfer actions are classified into beam shear-transfer actions and arching action and the shear 
resistance in a reinforced concrete beam is almost always a combination of these two mechanisms. These mechanisms can be 
represented by strut and tie models [2] (refer to Figure 2.1). Beam shear-transfer actions allow varying the force in the flexural 
reinforcement and carrying shear keeping constant the level arm between the tension and compression chord. They are usually 
referred as cantilever action (or inclined compression chord, Figure 2.1a), aggregate interlock (Figure 2.1b), dowelling action 
(Figure 2.1c) and residual tensile strength of concrete (Figure 2.1d). On the contrary, the arching action (Figure 2.1e) allows 
carrying shear keeping constant the force in the flexural reinforcement.  

 

Figure 2.1 Shear-transfer actions (red: tensile forces, blue: compressive forces): (a) cantilever action (or inclined compression chord); (b) 
aggregate interlock; (c) dowelling action; (d) residual tensile strength of concrete; (e) arching action (adapted from Muttoni et al. [2]) 

2.1.1 Cantilever action 

This mechanism was originally observed by Kani [3] as a fundamental shear-transfer action. According to Kani [3], the 
development of flexural cracks from the tension side of the member shapes the beam into a teeth-like structure (refer to Figure 
2.2). The concrete elements between two consecutive flexural cracks can be visualized as cantilevers fixed in the upper 
compression zone. The concrete teeth are subjected to uneven tensile forces at the level of the longitudinal reinforcement, due 
to the varying acting bending moment in the longitudinal direction of the beam. Assuming that there is no load transferred 
through the cracks, these forces are equilibrated by an inclined compression chord and an inclined tension tie (refer respectively 
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to blue and red to Figure 2.1a). When the tensile strength of concrete is reached in the tension tie, the flexural crack propagates 
into a quasi-horizontal crack and the contribution of this action is reduced. The shear force carried by the cantilever action 
should not be misinterpreted as the vertical component of the arching action (which will be explained below). 

V

V

ΔN

fct

 

Figure 2.2 Kani’s tooth-model [3] 

2.1.2 Aggregate interlock 

The ability to transfer shear through cracks is traditionally known as aggregate interlock or interface shear-transfer mechanism. 
This latter term indicates that this shear-transfer action depends on the surface conditions and it is not a characteristic of the 
type of concrete. On the contrary, the term aggregate interlock refers to the capacity to transfer shear force by contact between 
the aggregates protruding from one side of the crack surface with the matrix on the opposite side and it is specifically correct 
to describe the interface shear-transfer action for normal density concrete, where cracks develop normally between the 
aggregate particles and the concrete matrix. Although the term aggregate interlock is less appropriate to define this mechanism 
for all type of concretes, it will be used hereafter. 

The aggregate interlock was first identified by Colley and Humphrey [4] and Nowlen [5] from experiments conducted on 
construction joints in concrete pavements. Following these investigations, several researchers developed direct shear test 
specimens to establish fundamental load-displacement relationships that describe this mechanism. Direct shear tests have been 
conducted by several authors: among all, by Fenwick et al. [6], Taylor [7], Houde et al. [8], Paulay et al. [9], Mattock et al. 
[10], Jimenez et al. [11], Hamadi et al. [12], Walraven [13] and Sagaseta et al. [14]. A variety of test specimens and setups has 
been employed to address the influence of the main parameters governing this shear-carrying mechanism: concrete strength, 
aggregate size, type of aggregate, initial crack width, normal restraining stiffness.  

Fenwick et al. [6] performed a pioneering investigation, by testing the specimens shown in Figure 2.3a. The specimens were 
designed to study the effect of the crack width and the concrete strength on the shear stresses transferred through cracks. The 
specimens were cracked prior to testing by an external tensile force, and during testing the opening w was kept constant by 
means of an external force, normal to the crack plane. Although these members did not failed due to loss of aggregate interlock 
capacity at the preformed crack, but developed secondary flexural cracks (see Figure 2.3a), these experiments allowed 
investigating the aggregate interlock shear stresses for constant crack opening in the pre-peak phase. Typical results are shown 
in Figure 2.3b.  

Taylor [7] was the first to observe that a crack in a reinforced concrete beam simultaneously opens and slides. Taylor performed 
laboratory tests with constant crack opening-to-shear displacement ratios. This ratio was introduced by means of a parallel ruler 
system. A schematic representation of the test setup is shown in Figure 2.4a. According to Taylor, the ratio between the 
aggregate strength and the matrix strength is the most important parameter, which influences the roughness and thus the shear 
stresses developing at the crack.  

Paulay et al. [9] performed other tests with constant crack width, using an improved test setup and specimen (refer to Figure 
2.4b). The tests series were designed to evaluate the effect of the aggregate size and the influence of the initial crack width on 
the ultimate shear stresses.  
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Figure 2.3 (a) Test setup used by Fenwick et al. [6]; (b) shear stress -shear sliding  results as a function of the crack width w 

355 140

127

(a)

1
5

0

1
5

1
5

0
1

5
0

3
0

0

6
0

0

1
2

0
1

5
0

400
(b) 300 

4
7

0

1
9

0

1
5

2

1
9

1
1

4
1

9

8
9

0

(c)

 

Figure 2.4 Test specimens used by: (a) Taylor [7]; (b) Paulay et al. [9]; (c) Walraven [13] 

Mattock et al. [10] performed push-off experiments in order to study the influence of the aggregate type. These tests were 
carried out using either lightweight or normal gravel concretes. From the experimental results, Mattock concluded that the 
strength of normal gravel concrete was consistently higher than that of lightweight concrete and that the difference in the shear 
stresses can be attributed to the differences in roughness of the crack surfaces. Mattock observed that in normal concrete the 
strength between the matrix and the aggregate particles was lower than the tensile strength of the aggregate particles and the 
cracks generally propagated around the aggregate spheres. On the contrary, in lightweight concrete, the bond between the 
matrix and the aggregate was higher than the tensile strength of the aggregate particles and the cracks developed through the 
aggregates. 

Walraven [13] performed tests on pre-cracked push-off specimens with external restraining bars (refer to Figure 2.4c) that 
allowed varying the crack width and shear displacement during loading. For these specimens the crack opening was restrained 
passively, so that the crack opened according to the internal equilibrium in the crack plane. The advantage of these tests was 
that shear stresses, normal stresses, crack opening and shear displacement were directly measured. The performed tests showed 
that the shear forces across cracks induce tangential and normal displacements between the crack faces and that these 
displacements generate normal and shear stresses. Therefore, Walraven concluded that crack width, crack slip, normal and 
shear stresses are all interrelated. The variables studied by the author where the concrete strength, the type of concrete, the 
grading of concrete, the aggregate size and the initial crack width.  

More recently, biaxial test setups have been developed to characterize the behaviour of cracked concrete under mixed mode 
loading path (Nooru-Mohamed [15], Hassanzadeh [16], Østergaard et al. [17], and Jacobsen et al. [18]), which is more 
representative of the actual kinematics measured in cracks in reinforced concrete beams failing in shear [19]. Jacobsen et al. 
[18] performed tests on double notch concrete specimens to characterize the mixed mode behaviour. The tests were conducted 
in two steps: a pure mode I opening step, where an opening w0 was initiated between notches, followed by a mixed mode-
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opening step (combined opening and sliding). Jacobsen pointed out that there is a tendency that the shear and compression 
stresses raise for both decreasing mixed mode angle and decreasing initial opening.  

On the basis of this experimental background, several empirical and theoretical formulations have been proposed to quantify 
the shear and normal stresses developing across cracks. 

Walraven and Reinahrdt [20] proposed two simple equations based on linear regression analysis of the experimental results to 

evaluate shear stresses  and normal stresses  developing at the crack. According to the authors, the curves that fitted the 
experimental results with the greatest accuracy are: 

     
cc

..cc f.w.w.
f

1501910351
20

5520630  (2.1) 

and 

     
cc

..cc f.w.w.
f

200234081
30

7070800  (2.2) 

where w is the crack opening perpendicular to the crack surface,  is the crack sliding and fcc is the concrete cube compressive 
strength. 

Bazant and Gambarova [21] developed the rough crack model by considering the crack surface as a regular array of trapezoidal 
asperities. This constitutive model was obtained by optimizing the test results by Paulay et al. [9]. An improvement to the rough 
crack model has been proposed by Gambarova and Karakoç [22]. The authors based their model on tests with constant 
confinement stress performed by Daschner and Kupfer [23] and introduced the dependency of the shear stresses on the 
maximum aggregate size. The equations proposed by the authors are: 

3
4

3
43

0
1

2
1

ra

raa
r

d

w

g 
















  (2.3) 

and 

  ct.
f

r

r
waa 




2502
21

1
  (2.4) 

where wr  , a1∙a2= 0.62, 03 452 .a  ,  03 41442  .a , 0=0.2∙fcc and dg is the maximum aggregate size 

Other theoretical approaches to model the interface shear transfer mechanism are the two-phase model proposed by Walraven 
[13] and the contact density model developed by Li et al. [24]. 

The two-phase model [13] is a mechanical model based on statistical analyses of the crack surfaces and the associated contact 

areas as a function of the crack opening w, the shear displacement and the composition of the concrete mix. In the model, 
concrete is regarded as a two-phase material, with perfectly stiff spherical aggregate particles and a perfectly rigid plastic matrix 
and stresses are generated by contact of the aggregate particles on one side of the crack with the cement matrix on the opposite 
site. Cracks are assumed as being planar unless they encounter a spherical aggregate. In this case, the cracks go around the 
aggregate and then continue their globally planar path. The contact areas between the aggregate particles and the cement matrix 
are related to the crack kinematics by means of geometric relations and statistical considerations. The formulation of the model 
is given by the following equations: 

 yxpu AA    (2.5) 

and 

 xypu AA    (2.6) 

where pu is the compressive plastic strength of the cement matrix,  is a coefficient of friction and Ax and Ay are the sum of 
the projections (ax and ay) of the contact surfaces between the aggregate particles and the cement matrix. The projections ax 
and ay are derived as a function of displacements between the crack surfaces, accounting for the aggregate size dg. Ax and Ay 
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are functions of the crack width w and the sliding, the maximum aggregate size dg and the aggregate volume fraction pk- The 
latter defines the probability that an arbitrary point in the concrete is located in an aggregate particle and it is equal to the ratio 
between the total volume of the aggregate particles and the concrete volume. With respect to the crack kinematics (Figure 2.5), 

Walraven assumed that the crack opening w develops prior to the sliding  and identified three phases: phase of no contact 

(refer to Figure 2.5b, 0 < < 0), phase of growing contact (refer to Figure 2.5c, 0 < < b) and phase of maximum contact 

(refer to Figure 2.5d, > b).  

e

α

dg/2

(a) (b)

w

(c)

w

(d)

δ
δ δ

b

δ

ax

ay

ax

ay< δ δ
b

>

w

 

Figure 2.5 Crack kinematics proposed by Walraven  [13]: (a) initial state before the development of the crack; (b) phase of no contact; (c) 
phase of growing contact; (d) phase of maximum contact 

Ulaga [25] and Guidotti [26] applied the two-phase model developed by Walraven by using different history of crack kinematics 

(refer respectively to Figure 2.6 and Figure 2.7). Ulaga assumed that the crack opening w and the sliding  develop 

simultaneously at a constant angle =arctan (w/) and identified a phase of decreasing contact (refer to Figure 2.6b, s < ssup), 
followed by a phase of separation (refer to Figure 2.6d, s > ssup).  

dg/2
γ

(b) (c)

γ

(d)

e

α

(a)

γ

ax

ay

s=ssup s>ssup

s<ssup

s s
s

Last contact
dg/2

 

Figure 2.6 Crack kinematics proposed by Ulaga [25]: (a) initial state before the development of the crack; (b) phase of decreasing contact; (c) 
last point of contact; (d) phase of separation 

Guidotti [26] further modified the history of crack kinematics (Figure 2.7) and assumed that a fraction of the total crack opening 

w0 develops prior to the crack sliding , followed by an increase in both crack opening w and sliding  at an angle . When 
this kinematics is considered, four phases can be observed: phase of no contact (refer to Figure 2.7b, s < slim), phase of growing 
contact (refer to Figure 2.7d, slim < s < smax), phase of decreasing contact (refer to Figure 2.7f, smax < s < ssup) and phase of 
separation (refer to Figure 2.7h, s > ssup). The characteristic points that define the transition from one phase to another (Figure 
2.7c and e and g) and the projections of the contact surfaces can be determined geometrically as a function of crack 
displacements and the aggregate size dg.  
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Figure 2.7 Crack kinematics proposed by Guidotti [26]: (a) initial state before the development of the crack; (b) initial opening of the crack; 
(c) first point of contact; (d) phase of growing contact; (e) phase of maximum contact; (f) phase of decreasing contact; (g) last point of 

contact; (h) phase of separation 

The main differences between the original kinematics and the ones proposed by Ulaga and Guidotti can be identified in the 
phase of decreasing contact and the phase of separation. Indeed, in the original model the projections of the contact surfaces 
increase for increasing shear displacement up to a maximum value, resulting in a perfectly plastic behaviour, whereas according 
to Ulaga and Guidotti the projection of the contact surfaces decrease at a certain crack opening and sliding. A comparison of 
the computed stresses for the various kinematics as a function of the crack opening and sliding is shown in Figure 2.8. It can 
be observed, that the kinematics of Walraven represents an upper bound solution of the aggregate interlock stresses. The 
kinematics of Guidotti generates intermediate stress values that depend on the initial crack opening w0. Finally, the aggregate 
interlock stresses calculated according to the kinematics of Ulaga represent a lower bound solution. 

It shall be noted that some of the main assumptions of the two-phase model are limited to certain types of concrete and the 
model cannot thus be considered as a comprehensive mechanical description of this shear-transfer mechanism. For instance, 
the analysis of fracture surfaces have shown that even for normal strength concrete, cracks do not always develop around 
aggregates, but may partially pass through them [27]. Moreover, the model does not correctly assess the influence of the crack 
roughness (roughness at a macro-level) on the shear stresses developing at the crack surface for high-strength and lightweight 
concrete: these specimens are characterized by a certain level of roughness at the crack surface, although the aggregates are 
completely fractured.  
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Figure 2.8 (a) Crack kinematics (opening and sliding); (b) shear and (c) normal aggregate interlock stresses according to the kinematics 
proposed by Walraven [13], Ulaga [25] and Guidotti [26] (adapted from Campana et al. [28]) 

Li et al. [24] developed the contact density model. The authors proposed an approach which involves considering the crack 

surface as an infinite number of small pieces defined as contact units (dA, refer to Figure 2.9a). In the model each contact unit 

has an inclination  which is a stochastic variable described by its density probability function By scanning several 
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fracture profiles and determining the inclination of each contact unit, it is possible to obtain the contact density function 

which is considered a material property, independent on the size and grading of the aggregates (Figure 2.9b). The 
mathematical formulation of the model is given by the following equations: 

    



dAwK tcon sin

2

2
 


 (2.7) 

and 

    

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where is a trigonometric function, con is the contact compressive stress (assumed to be governed only by the crack opening 
value and independent on the shear displacement component), K is the effective ratio of contact area (introduced to take into 
account the influence of the maximum aggregate size dg on the aggregate interlock stresses) and At is the whole surface area 
per unit crack plane. Li et al. [24] proposed simplified equations based on the contact density model: 
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where =/w, 31364 cf.m  and fc is the compressive strength of concrete. 
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Figure 2.9 (a) Geometry of the crack and definition of contact unit and inclination; (b) smoothed histogram of measured inclination for 
specimens with different aggregate size and contact density function (adapted from Li et al. [24]) 

2.1.3 Dowelling action 

The dowelling action can be defined as the capacity of the reinforcement bars to transfer forces perpendicular to their axis. This 
action has been studied by several researchers, employing different test setups and specimens, in order to develop fundamental 
load-displacement relationships that quantify the dowel capacity. Direct dowel setups (Figure 2.10a), divided beam tests (Figure 
2.10b) and beam end tests (Figure 2.10c) have been used and have allowed understanding the main parameters governing the 
dowelling action. The first two types of tests enabled researchers to study the dowelling action with little or no axial tension 
forces in the reinforcement, whereas the beam end tests allowed characterizing the interaction between tensile forces and dowel 
forces on the ultimate capacity of the dowel [11]. 
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Figure 2.10 (a) Direct dowel tests; (b) divided beam tests; (c) beam end tests 

Direct tests (Figure 2.10a) have generally reported two types of failures: splitting failure at the bottom for very small concrete 
cover, or at the side faces of the section (failure mode I, refer to Figure 2.11a), and crushing of concrete or yielding of the 
reinforcement (failure mode II, refer to Figure 2.11b). In particular, direct tests carried out by Fenwick et al. [6], Eleiott [29] 
and Paschen et al. [30] evidenced splitting cracks along the reinforcement bars (failure mode I), whereas those reported by 
Rasmussen [31], Hofbeck et al. [32], Dulaska [33], Dei Poli et al. [34] failed by crushing of the concrete or yielding of the 
reinforcement bar (failure mode II). The difference between the failure modes can be attributed to the concrete cover or the 
confinement provided by the transverse reinforcement. Vintzeleou et al. [35] reported that, for members without transverse 
reinforcement, when the concrete cover is greater than 6-7 times the diameter of the bar, crushing of concrete occurs (failure 
mode II). On the contrary, for smaller concrete cover, failure is governed by the development of splitting cracks (failure mode 
I).  
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Figure 2.11 Failure mechanisms: (a) splitting cracks at the bottom or at the side; (b) crushing of concrete or yielding of the longitudinal bar 

Direct tests have been complemented by investigations on divided beam specimens and beam-end specimens to study the 
propagation of splitting crack (failure mode I).   

The divided beam setups (Figure 2.10b) have been employed by Krefeld and Thurston [36], Taylor [37] and Baumann and 
Rüsch  [38]. Krefeld and Thurston [36] focused their investigation to study the effect of the bar diameter, the beam width and 
the distance of the crack to the end support. Taylor [37] and Baumann and Rüsch [38] tested specimens similar to those designed 
by Krefeld and Thurston and concluded that the dowel capacity increases with increasing tensile strength of concrete, beam net 
width and bar diameter. Typical results by Baumann and Rüsch [38] are shown in Figure 2.12a. It can be noted that the 
longitudinal bars were activated for low values of vertical displacement and that the dowelling action was roughly constant 
thereafter, yielding to the development of a splitting crack along the flexural bars. 

Sharma [39] and Kemp et al. [40] used beam-end specimens (Figure 2.10c) to study the interaction between tensile forces and 
dowelling action. They observed a significant reduction in the dowel capacity for increasing axial tensile stresses in the dowel. 

The influence of the reinforcement strains on the dowel capacity has been recently investigated by Plumey [41] who carried 
out experimental tests on arch-shaped members and showed that large strains in cracked concrete are associated to a reduction 
of the tensile strength of concrete and of the capacity to withstand dowelling forces. Figure 2.12b shows the reduction of the 
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tensile strength of concrete (k=fct,ef/fct) as a function of the strains in the flexural reinforcement bars (tests by Neuner et al. [42], 
Franz et al. [43], Intichar et al. [44] and Plumey [41]). Fernández Ruiz et al. [45] concluded that when failure develops prior to 
yielding of the reinforcement, the coefficient of reduction of the tensile strength of concrete k remains above 0.25, whereas for 
tests where failure develops after yielding of the longitudinal reinforcement, the factor k can be assumed equal to 1/6.  
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Figure 2.12 (a) Test results by Baumann and Rüsch [38]; (b) reduction of the tensile strength of concrete as a function of the longitudinal 
strains in the bar (experimental data according to Plumey [41]) 

The available experimental investigations have thus allowed identifying the main parameters governing the dowelling action: 
the bar diameter, the tensile strength of concrete, the concrete cover, the net width and the strains in the longitudinal 
reinforcement bars. However, several authors proposed additional parameters and there is no general agreement on the relative 
significance of each parameter on the dowel capacity. Several empirical formulae have been developed and a large discrepancy 
exists between the predicted dowel forces calculated by using the different available formulations. Three known approaches 
commonly used to calculate the dowelling action are listed below. 

According to Baumann and Rüsch [38], the dowelling action is equal to: 

31641 cbnmax,D fdb.V   (2.11) 

where bn is the net width of the beam (bn = b - n∙db), b is the width of the specimen, n is the number of bars, db is the bar 
diameter and fc is the compressive strength of concrete. 

Vintzeleou et al. [35] proposed two expressions to quantify the dowel capacity. One equation is valid when the concrete cover 
cb is large enough in comparison with the net width of the beam bn and side splitting cracks occur: 

ctbnctbnmax,D fdbfdbV  2  (2.12) 

where fct is the tensile strength of concrete, bn is the net width and db the bar diameter.  

On the other hand, when the concrete cover cb is small enough in comparison with the net width bn and bottom splitting cracks 
occur, the dowelling capacity results: 
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Fernández Ruiz et al. [46] proposed the following equation: 

ctefefmax,D flbnV   (2.14) 

where n refers to the number of bars, bef to the effective width per bar, lef to the concrete length in tension and fct to the tensile 
strength of concrete. According to Fernández Ruiz et al. [46], bef can be estimated as the minimum value between sb - db and 
4∙cb, where sb is the spacing between bars, db is the bar diameter and cb is the concrete cover of the bar and lef is estimated as 
2∙db.  
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Among the three approaches, Eq. (2.14) provides the most accurate results when compared to the experimental results on direct 
dowel tests or divided beam tests with no axial tension forces in the reinforcement (average measured-to-calculated dowelling 
action for 110 tests (Taylor [37], Baumann et al. [38], Houde et al. [8], Neuner et al. [42], Paschen et al. [30]) is 0.84 and the 
coefficient of variation is 24.7%, refer to Figure 2.13). In Figure 2.13 the red markers refer to specimens where failure occurred 
at the bottom of the section, whereas the black markers represent failures at the side of the section.  

It shall be noted that abovementioned expressions predict the maximum dowel capacity in the case of no strains in the 
reinforcement bars. However, most cases in practice correspond to members with longitudinal bars subjected to combined 
tensile strains and dowelling forces and a reduction of the tensile strength of concrete shall be considered to correctly predict 
the dowelling action for these members [41]. In a general manner, it has been shown that, for members without transverse 
reinforcement, the dowelling capacity decreases for increasing strains in the longitudinal reinforcement [47]. On the contrary, 
for members with stirrups or with lateral confinement generated by external loads [48], the dowelling action can be kept 
constant or eventually enhanced [38]. 
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Figure 2.13 Ratio measured-to-predicted dowelling action according to Fernández Ruiz et al. [46] for 110 tests with no axial tension forces in 
the reinforcement bars (in red splitting failure at the bottom of the section, in black splitting failure at the side of the section) 

2.1.4 Residual tensile strength of concrete 

When concrete cracks, it exhibits a softening residual strength that allows stress transfer through the crack (Figure 2.14a). The 
softening behaviour of concrete in tension was firstly measured by Evans and Marathe [49]. The importance of the residual 
capacity to carry tensile stresses in structural concrete was recognized by Hillerborg [50], who developed the Fictitious Crack 
Model to study the behaviour of concrete in tension. This model, which is largely used in fracture mechanics, assumes that at 
peak load the strains start to localize within a narrow zone of micro-cracks (process zone, refer to point 1 in Figure 2.14). The 
micro-cracks allow stress decrease with increasing deformation (1-2, in Figure 2.14). When micro-cracks grow, a crack 
develops and stress transfer is still possible through the crack (2-3, in Figure 2.14). The concrete has no capacity to transfer 
any stress for crack openings larger than about 0.2 mm for normal strength concrete (3, in Figure 2.14b).  
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Figure 2.14 (a) Tensile load-deformation response of a concrete specimen; (b) illustration of the fracture process zone around the tip of the 
crack: micro-cracks (1-2), micro-cracks coalesce into a macro crack in the post-peak tensile softening region (2-3) [51] 
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The concrete softening behaviour can be described using several approaches. The most known stress-crack opening 
relationships are the one developed by Reinhardt [52], the one proposed by Hordijk [53] and the bilinear law defined in the 
Model Code 2010 [54]. 

Reinhardt [52] formulated the following non-linear tension softening equation: 
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where fct is the tensile strength of concrete, w is the crack opening, wc = 4.226∙(GF/fct) represents the maximum crack width for 
stress transfer and GF is the fracture energy of concrete and can be defined according to Model Code 2010 [54]. 

Hordijk [53] proposed the following exponential equation: 

   





































  23

1
2

3

1 11 c

c

cwwc

c
ctres ec

w

w
e

w

w
cf  (2.16) 

where wc = 5.14∙(GF/fct), c1 = 3 and c2 = 6.93. 

Finally, according to Model Code 2010 [54], the stress-crack opening relationship can be estimated by the following bilinear 
law: 
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and 











1

050250
w

w
..fctres     for cwww 1  (2.18) 

where w1 = GF/fct when res=0.2∙fct and wc = 5∙(GF/fct) when res=0. 

2.1.5 Arching action 

The arching action is an alternative shear-transfer mechanism that might develop in reinforced concrete beam due to the loss 
of bond between longitudinal bars and concrete [55]. This shear-carrying action, observed by Mörsch [56], and later confirmed 
by Drucker [57], corresponds to a plasticity-stress field in which the force in the flexural reinforcement remains constant and 
the load is carried directly by an inclined direct strut (refer to Figure 2.1e). In others words, the longitudinal reinforcement bars 
sustain the same strains throughout the length. The plasticity-based arching action is in agreement with experimental results 
for compact members where flexural cracks develop below the theoretical compression strut, but not for slender beams where 
inclined cracks may develop through the compression strut and limit its strength.  

2.2 Role of shear-carrying mechanisms and development of the critical shear 
crack 

In the following, the role of the various shear-transfer actions and the influence of the location of the critical shear crack on the 
shear strength are discussed on the basis of test series available in literature. 

Kani [58] and Leonhardt et al. [59] observed that the amount of shear carried by the various shear-transfer actions is governed 
by the slenderness of the member and by the location of the critical shear crack with respect to the theoretical compression 
strut. The authors observed that four different possible regimes govern the shear failure: 

- For very low shear spans, flexural cracks do no develop through the inclined compression strut and the shear strength 
is controlled by yielding of the longitudinal reinforcement and corresponds to the plastic strength of the member 
(specimen B2 in Figure 2.15a and b).  



2. SHEAR IN BEAMS WITHOUT TRANSVERSE REINFORCEMENT: PHENOMENOLOGICAL CONSIDERATIONS 

14 

- For rather short-span beams (specimen B4 in Figure 2.15a), the arching action is still dominant. In this regime, 
flexural cracks propagate through the compression strut in a stable manner. Consequently, the plastic solution may 
overestimate the shear capacity of these members, as the strength of the inclined strut is reduced by the development 
of flexural cracks through it. For these members, the compression strut may eventually develop with an elbow-shaped 
form, as described by Muttoni et al. [2]. The load can be increased beyond the development of the critical shear crack 
and failure occurs due to crushing of concrete, which presents a reduced compressive strength caused by the crack 
propagation and transverse tensile strains. These members belong to the left-hand side region of the Kani’s valley 
and can be studied with stress-fields approaches that account for a reduction of the compressive strength due to 
cracking in the compression field. However, it shall be noted that the position of the critical shear crack is governing 
for the shear strength and a large scatter in the experimental results has been reported for these members.  

- For larger shear spans (specimen B6 in Figure 2.15a), the beam shear-transfer actions become dominant (a strut and 
tie model that combines the different beam shear-transfer actions is shown in Figure 2.15b). For these members, 
belonging to the right-hand side of the Kani’s valley (Figure 2.15b), the critical shear crack develops through the 
compression strut carrying shear and failure occurs in a brittle manner and it is often named diagonal shear failure.  

- For very slender beams (specimen B10/1 in Figure 2.15a), the shear strength is governed by yielding of the flexural 
reinforcement. For these members, the beam shear-transfer actions are capable of carrying loads larger than the one 
corresponding to the plastic strength and therefore flexural failure occurs (Figure 2.15b). 
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Figure 2.15 Influence of a/d: (a) tests B2, B4, B6, BP10/1 by Leonhardt and Walther [59], cracking pattern and theoretical strut position; (b) 
Kani’s valley [58], comparing actual strength with failure load according to the theory of plasticity (adapted from Muttoni et al. [2]) 

The influence of the location of the critical shear crack was additionally investigated by Leonhardt et al. [59] on the basis of an 
experimental campaign aimed at studying the bond properties between the flexural reinforcement and the concrete matrix. 
Figure 2.16a shows the cracking pattern and the normalized shear strength of two geometrically identical specimens, but with 
different bond conditions. In beam EA1, deformed bars where used, whereas beam EB1 was cast with smooth bars. In specimen 
EA1, the critical shear crack developed through the theoretical compression strut and the failure load reached 50% of the plastic 
strength. On the contrary, for the beam EB1, as bond stresses were limited, only a few flexural cracks developed and the arching 
action could develop almost without any disturbance (the plastic strength was however not reached as the strut was partially 
affected by the development of the critical shear crack).  

The influence of the location of the critical shear crack is also highlighted in Figure 2.16b, where the crack pattern and the 
normalized shear strength of two geometrically identical beams subjected to concentrated loading and different axial forces are 
compared (for a detailed description of the tests, see Madsen et al. [60]). Beam G1 was tested without axial compression forces, 
whereas beam F2 was subjected to large compression forces. For specimen G1, several cracks developed during loading and 
crossed the theoretical compression strut. On the contrary, for specimen F2 the critical shear crack disturbed only slightly the 
inclined strut carrying shear and its shear strength was significantly higher. 

Further experimental evidences of the influence of cracks developing through the theoretical inclined compression strut were 
provided by Muttoni et al [19]. The authors tested two specimens with geometrical identical shear spans (refer to Figure 2.16c). 
Beam BP0 had only longitudinal reinforcement, whereas beam BP2 contained additionally a spiral reinforcement in the region 
close to the load introduction plate where the critical shear crack developed. Beam BP0 reached 50% of the plastic strength, 
whereas beam BP2 reached the full flexural strength: for this member the spiral reinforcement was effective in controlling the 
opening of the cracks within the inclined compression strut and thus the strength of the strut was not decreased [2].  
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Figure 2.16 (a) Influence of bond on the shear strength and cracking pattern; (b) influence of axial normal force on the shear strength and 
cracking pattern; (c) influence of crack width on shear strength (adapted from Muttoni et al. [2]) 

On the basis of this available experimental background, it can be stated that the cases where the arching action is observed to 
be the dominant shear-transfer action correspond to [2]: (i) one-way slabs or beams with limited shear slenderness (a/d < 2.5); 
(ii) members with unbonded longitudinal reinforcement; (iii) prestressed members or members with large compressive normal 
forces. 

On the contrary, beam shear-transfer actions are acknowledged to be governing in slender members without transverse 
reinforcement. However, in the scientific community there is not yet agreement on the predominant shear-transfer action and 
the phenomena governing the shear strength.  

Taylor [7] was the first to calculate the contribution of the beam shear-transfer actions to the shear capacity of a slender cracked 
concrete member without shear reinforcement. Taylor observed that, as the critical shear crack develops, it is characterized by 
a combined opening and sliding and that the aggregate particles on one side of the crack enter in contact with the aggregates 
on the opposite side and activate aggregate interlock stresses. Taylor concluded that the contribution of the aggregate interlock 
is predominant (between 35% - 50% of the total shear force applied at the section), the contribution of the dowelling action 
varies between 15% and 25% and the compression zone carries between 20% and 40% of the total shear force. However, Taylor 
did not acknowledge the contribution of the residual tensile strength of concrete.  

The role of the various shear-transfer actions in cracked reinforced concrete members without transverse reinforcement has 
been investigated more recently in more systematic testing programmes. For instance, Campana et al. [28] concluded that the 
activation of the various shear-transfer actions depends primarily on the shape, location and kinematics of the critical shear 
crack. Sherwood [61] showed that the primary mechanism of shear transfer is aggregate interlock, the uncracked compression 
zone carries up to 25% of the total shear force and failure is initiated by the breakdown of the aggregate interlock capacity. 
Huber et al. [62], on the basis of detailed analysis of the crack kinematics by means of photogrammetry techniques, showed 
that, in slender members without transverse reinforcement, the aggregate interlock is predominant, the contribution of the 
residual tensile stresses varies between 18% and 38% of the total shear force, the dowelling action is relatively small (10%-
18%) and the contribution of the compression zone can be neglected. On the contrary, other researchers acknowledged that the 
shear resistance of a slender reinforced concrete beam is mainly provided by the uncracked compression zone and shear failure 
is triggered by the failure of the compression zone [63–65]. According to Zararis et al. [64], Kotsovos et al. [63, 66], Choi et 
al. [67, 68], the compression zone of intact concrete prevents shear-slip at the crack surfaces. Therefore, aggregate interlock 
and dowelling action do not contribute significantly to the shear strength of the beam and can be thus neglected. 
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2.3 Mechanical models  

The investigations on the mechanisms of shear failure and on the role of the various shear-transfer actions allowed the 
development of mechanical models and non-linear finite element tools to design members without shear reinforcement.  

An early attempt to give a physical explanation to shear failure of reinforced concrete beams without shear reinforcement was 
the Kani’s tooth model [3, 69]. Kani assumed that flexural cracks shape the beam into a teeth-structure. The concrete between 
two adjacent flexural cracks is considered to behave as a cantilever fixed in the compression zone and loaded by the forces 
transferred by the longitudinal reinforcement (refer to Figure 2.2). According to Kani, the shear capacity of a cracked concrete 
beam can be expressed in term of the bending capacity of the teeth: when the bending moment at the fixed end of the cantilever 
attains a critical value, a horizontal crack propagates in the compression zone, causing the failure of the member. 

Fenwick et al. [6] evaluated the Kani’s model by comparisons with experiments and pointed out that the concrete teeth between 
two flexural cracks are limited from bending freely due to the friction between the crack faces and the dowelling action of the 
longitudinal reinforcement. The authors showed that aggregate interlock stresses, dowelling action and cantilever action are 
the main shear-transfer actions governing the shear strength. According to Fenwick et al. [6] when the moment at the fixed end 
of the cantilever reaches a critical value, cracks further propagate causing the collapse of the beam, unless the shear span-to-
depth ratio is small enough to develop a compression strut above the critical shear crack.  

Tooth models have been further developed by Hamadi et al. [12] and Reineck [70] and the mechanism of shear failure has 
evolved from the break of the tooth to the loss of aggregate interlock stresses between the crack surfaces. The main difference 
between the various tooth models are the spacing and inclination of the flexural cracks. Hamadi et al. [12] assumed that flexural 
cracks develop with a spacing sr equal to one-half of the effective depth of the member, whereas Reineck [70] considered that 
cracks are inclined at 60° with respect to the beam axis with a spacing equal to sr=0.7∙(d-c), where d is the effective depth and 
c is the depth of the compression zone. In addition, Reineck assumed that the depth of the compression zone c is constant along 
the beam and shear failure occurs at 1.5d from the load introduction plate. By defining a crack kinematics and a limiting value 
for the crack displacement and by considering the contribution of aggregate interlock, dowelling action and cantilever action, 
Reineck derived the following explicit equation for the ultimate shear strength: 
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where Vdu is the dowelling action (refer to [70]), fc and fct are the concrete compressive and tensile strength, b is the width, d is 

the effective depth, a is the shear span and  is defined as: 
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where wu  is the limiting crack width (=0.09 mm), ES is the elastic modulus of the steel bars and  is the reinforcement ratio.  

The studies on the shear-transfer mechanisms evolved towards different approaches that consider a shear-transfer action as 
governing, disregarding the influence of the other shear-carrying mechanisms. 

The Modified Compression Field Theory (MCFT) is a mechanical model based on the assumption that aggregate interlock is 
the governing shear-transfer action. The theory was originally developed by Mitchell and Collins [71] by observing the response 
of reinforced concrete elements loaded in pure shear or in shear combined with axial stresses and it was successively modified 
by Vecchio and Collins [72]. The MCFT consists of equilibrium, compatibility and stress-strain relationships and it is based 
on the main hypothesis which states that the direction of the average principle strains corresponds to the direction of the average 
principle stresses. The theory considers how the stresses are transmitted across the critical crack. The ability of the crack to 
transmit shear stresses is assumed to be influenced by the crack width w, the maximum aggregate size dg and the concrete 
strength fc. Based on the aggregate interlock experiments performed by Walraven [20], the shear stresses transferred through 
the crack are limited by the following equation: 
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where the term dg+16 characterizes the roughness of the crack. 

Other approaches acknowledged the dowelling action as the governing shear-transfer action and associated the mechanism of 
shear failure with the loss of the dowelling force. According to Chana [73], the mechanism of shear failure is related to the 
development of a splitting crack along the longitudinal reinforcement. Kim and White [74] developed a physical model based 
on the calculation of the average shear stress developing in the region of the member slightly above the flexural reinforcement 
and adjacent to the critical crack. The authors related the initiation of the dowelling crack to the maximum bond stress between 
concrete and the flexural reinforcement in the vicinity of the critical shear crack and compared the bending moment with the 
development of the maximum bond stresses to derive the shear cracking load. 

Alternatively, some approaches consider the uncracked compression zone as the most important parameter influencing the 
shear capacity. Zararis [75] showed that the critical diagonal crack is characterized by two branches which are formed at 
different time and due to different causes. The first branch is an inclined crack that develops up to the theoretical compression 
strut, whereas the second branch initiates from the tip of the first branch and propagates along the centre of the compression 
strut towards the loading point. The author suggested that failure is caused by the development of the second branch due to a 
type of splitting of concrete in the compression zone. Based on the theory of elasticity and equilibrium conditions, the author 
proposed the following equation to calculate the shear strength: 
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where c is the depth of the compression zone, a is the shear span, fct is the tensile strength of concrete, b the width of specimen 
and d the effective depth. According to Zararis, the shear strength is purely carried by the uncracked compression zone, which 
essentially acts as a buffer preventing any contribution of shear along the crack surface.  

Tureyen and Frosch [65] developed a model based on the assumption that the shear force is carried essentially by the uncracked 
compression zone. The authors proposed to evaluate the shear capacity by considering a parabolic distribution of the shear 
stresses and a linear distribution of the normal stresses in the compression zone and assumed that shear failure occurs when the 
principle tensile stresses reach the tensile strength of concrete. The following equation was proposed: 
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2 2 m
ctctc ffcbV


  (2.23) 

where c is the depth of the compression zone, fct the tensile strength and m the flexural stress at the extreme compression fibre. 

Choi and Park [68, 76] proposed a strain-based model based on the failure of the compression zone. The authors developed a 
unified shear strength model for both deep and slender beams using the compression zone depth as the major design parameter 
and evaluated the shear strength by considering the interaction between normal and shear stresses in the compression zone and 
by using the Rankine’s failure criteria. The authors showed that the compression zone may fail by compression crushing, in the 
case of deep beams, or by tensile cracking, in the case of slender beams. 

Finally, other approaches account for all potential shear-transfer actions. This is for instance the approaches of Mari et al. [77], 
Yang [78], Tung et al. [79] and the Critical Shear Crack Theory [2, 47]. However, these approaches are not in agreement on 
the phenomena and mechanisms triggering shear failure. Mari et al. [77] acknowledged the contribution of all the various shear-
transfer actions and assumed that failure occurs when the principle stresses in the compression zone reach the Kupfer’s biaxial 
failure envelope. According to Yang [78], the propagation of a doweling crack along the longitudinal reinforcement causes the 
unstable propagation of the critical shear crack. The author proposed a simplified crack profile and kinematics and defined a 

critical shear displacement cr at the level of the longitudinal reinforcement as the criterion for the shear failure. Tung et al. 
[79] proposed a theoretical model that accounts for the component of the normal stress of concrete in the tension zone and is 
based on the assumption that the critical shear crack is initiated by the coalescence of micro cracks which are localized in a 
narrow band that connects the tips of existing flexural cracks. Muttoni et al. [2] developed the critical shear crack theory (CSCT) 
which is based on the assumption that the shear strength is governed by a flexural crack which develops diagonally (the critical 
shear crack) and disturbs the shear transfer actions.  

The CSCT is a theory that was originally developed for punching shear design of slab-column connections without transverse 
reinforcement. The basic principles of the CSCT were introduced in the Draft Code Proposal of the Swiss Code for Structural 
Concrete in 1985 [80]. The theory was later extended to beams and one-way slabs without transverse reinforcement as well as 
two-way slabs with transverse reinforcement. The basis assumption of the CSCT states that the shear capacity depends on the 
member geometry (the width b and the effective depth d), the square root of the compressive strength of concrete fc, the critical 
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shear crack opening w and its roughness (dg+16 [72], where dg is the maximum aggregate size). In the CSCT, the shear strength 
is checked at a control section (which depends on the load configuration) and the width is estimated to be proportional to a 
reference longitudinal strain times the effective depth of the member. The reference strain is evaluated in the control section at 
a depth of 0.6d from the compression face (see Figure 2.17a), assuming that plane sections remain plane and a linear elastic 
behaviour of concrete in compression, and it can be estimated as: 
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where M is the bending moment at the control section, d is the effective depth,  is the reinforcement ratio, Es is the elastic 
modulus of steel and c is the depth of the compression zone defined as: 











 1

2
1

s

c

c

s

E

E

E

E
dc




 

(2.25) 

where Ec is the elastic modulus of concrete. Based on these assumptions, Muttoni et al. [2] proposed the following failure 
criterion to evaluate the shear strength (Figure 2.17b): 
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The shape of the hyperbolic failure criterion of the CSCT can be analytically derived by defining a crack shape and kinematics 
and some constitutive laws for the various shear-transfer actions. It can be demonstrated that the shear capacity, as well as the 
contribution of the shear-transfer actions, follows an hyperbolic decay for increasing opening of the critical crack (a qualitative 
comparison of the failure criterion of the CSCT and the contribution of the shear-transfer actions is shown in Figure 2.17c 
[47]). 
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Figure 2.17 (a) Main assumptions of the critical shear crack theory (CSCT): control section and reference fibre; (b) hyperbolic failure 
criterion and comparison to test results [2]; (c) qualitative comparison of the shear-transfer actions and the failure criterion of the CSCT [47] 

In addition to the previously described mechanical models based on the contributions of the different shear-transfer actions, 
numerous approaches based on the theory of plasticity have been successfully applied to determine the shear capacity of 
reinforced concrete beams without shear reinforcement. The applications of the theory of plasticity to members failing in shear 
was firstly investigated by Drucker [57], who proposed several stress fields in which the load is carried directly by inclined 
struts. Drucker developed both a lower and an upper bound solution and showed that the proposed lower and upper solutions 
provide the same failure load and correspond to the exact solution of the plastic analysis. However, the stress fields proposed 
by Drucker were found not suitable for slender reinforced concrete beams without shear reinforcement leading to unsafe design 
solutions and can be applied only for members with large amount of shear reinforcement or for squat members.  

Some approaches have been derived on the basis of the lower bound theorem of plasticity. Collins et al [81] proposed a strut-
and-tie model with a reduced compressive strength of the strut: for instance, for increasing slenderness, the strut becomes 
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flatter, the transverse tensile strain increases and the compressive strength of concrete is reduced. Braestrup [82] proposed an 
approach, where the compressive stresses are not related to the inclination of the strut, but the shear strength depends on the 
geometry of the nodal zone. 

Some interesting approaches have also been developed based on the upper bound theorem of plasticity. For instance, the 
Contact Sliding Model is an upper bound plasticity approach that, contrary to the classic theory of plasticity, makes a distinction 
between yield lines formed in uncracked concrete and yield lines formed in cracked concrete. The model was initiated by Zhang 
[83] and was successively extended by Hoang for continuous beams and punching shear in slabs [84]. Contrary to the classic 
upper bound approach where the lowest upper bound solution is the diagonal crack developing from the end support to the load 
introduction plate, the inclination of the critical crack is determined by verifying the existence of the crack at failure, calculating 
the diagonal crack load Pcr by moment equilibrium of the rigid body shown in Figure 2.18a. Following the main principles of 
the plasticity approach, the total energy dissipated in a crack and the possible failure load Pu are calculated, accounting for a 
crack sliding reduction factor and an effectiveness compressive strength factor. Finally, the shear strength of the beam and the 
horizontal projection of the critical crack are determined by the intersection of the curves Pu and Pcr, as shown in Figure 2.18b. 

a

(a)

xPcr

fct,ef

P

x

capacity curve

Pcr

Pu

cracking load curve

(b)

Pcr

 

Figure 2.18 (a) Cracking mechanisms in a beam without shear reinforcement subjected to concentrated loading; (b) cracking load Pcr and 
shear capacity Pu curves as a function of the projection x of the critical shear crack [84] 

Another mechanical model based on the upper bound principles of the theory of plasticity was developed by Fisker [85]. 
According to the author, the shear capacity is governed by a sliding failure mechanism, involving both sliding along an existing 
inclined flexural crack and sliding along a failure line within the uncracked compression zone developing from the tip of the 
flexural crack to the loading plate. In the model, both uncracked concrete and cracks are plastic materials, with the difference 
that the capacity of cracks is inversely proportional to the crack opening. 

2.4 Code provisions  

This section provides the shear formulations of some codes of practice for nonprestressed rectangular concrete members 
without shear reinforcement. 

2.4.1 ACI 318 

The shear strength formulation according to the ACI code [86] is: 

dbfV wcc 
6

1
 (2.27) 

where Vc is the shear capacity (in [N]), bw is the member width (in [mm]), d is the effective depth (in [mm]) and fc is compressive 
strength of concrete (in [MPa]). For high-strength concrete members, the term √fc is limited to a value of 8.3 MPa. The shear 
strength is checked at a control section located at a distance d from the load introduction plate or the face of the support. 

2.4.2 Eurocode 2 

The shear strength formulation according to Eurocode 2 [87] is an empirical formulation, which was calibrated with 
experimental data through a statistical approach. The shear strength is given by: 

  dbfk.dbfk.V wcwcc  212331 0350100180   (2.28) 



2. SHEAR IN BEAMS WITHOUT TRANSVERSE REINFORCEMENT: PHENOMENOLOGICAL CONSIDERATIONS 

20 

where Vc is the shear capacity (in [N]), bw is the member width (in [mm]), d is the effective depth (in [mm]), fc is compressive 

strength of concrete (in [MPa]) and  is the longitudinal reinforcement ratio (that shall not be taken larger than 0.02). The 
parameter k can be determined as: 

2
200

1 
d

k      d in [mm] (2.29) 

The shear strength is verified at a control section located at a distance d from the plate of load introduction or the face of the 
support. 

2.4.3 SIA 262:2013 

The Swiss Code (SIA 262:2013 [88]) shear formulation is based on the Critical Shear Crack Theory [2]. The shear strength per 
unit length is given by: 

dkv cdc    (2.30) 

with 
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where vc represents the shear strength per unit length (in [N/mm]), d is the effective depth (in [mm]), fc is the compressive 
strength of concrete (in [MPa]), dg is the maximum aggregate size (in [mm]). For concrete compressive strengths larger than 
70 MPa (high-strength concrete) or for lightweight concrete, dg shall be taken equal to zero in order to account for the loss of 
aggregate interlock capacity in the cracks due to the fracture of the aggregates. The shear resistance is calculated at a control 
section located at a distance d/2 from the plate of load introduction or the edge of the support.  

If the main flexural reinforcement remains in the elastic domain, the deformation v at the level of the longitudinal reinforcement 
can be estimated as: 
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  (2.34) 

where fs is the yielding strength of the longitudinal reinforcement (in [MPa]), Es is the modulus of elasticity of the reinforcement 
bars (in [MPa]), m is the acting bending moment per unit length at the control section (in [kNm/m]) and mR is the yielding 
moment per unit length (in [kNm/m]). The flexural strength mR can be estimated, assuming a plastic behaviour of the 
reinforcement after yielding, as: 
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where  is the longitudinal reinforcement ratio and bw is the width of the member (in [mm]). 

If the reinforcement enters in the plastic domain, v can be calculated as: 
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2.4.4 fib-Model Code 2010 

The shear strength formulation according to the fib Model Code 2010 [54, 89] is based on the Modified Compression Field 
Theory [72]. The shear strength is given by: 

zbfkV wcvc   (2.37) 

where Vc is the shear capacity (in [N]), bw is the member width (in [mm]), z is the inner level arm (in [mm]) that can be taken 
equal to 0.9d and fc is the concrete compressive strength (in [MPa]). For high-strength concrete, the term √fc is limited to a 
maximum value of 8 MPa. The parameter kv is determined as: 
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and kdg as: 
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where dg is the maximum aggregate size (in [mm]). For concrete compressive strengths larger than 70 MPa and lightweight 
concrete, dg shall be taken equal to zero.  

The shear resistance, and thus the termx, is calculated at a control section located at a distance d from the plate of load 

introduction or the face of the support. If no axial force is applied, x is given by: 
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where Es is the modulus of elasticity of the reinforcement bars (in [MPa]), As is the flexural reinforcement area (in [mm2]), ME 
and VE are respectively the acting bending moment and shear force at the control section.   
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 An analysis of the shear transfer 
actions in reinforced concrete members 
without transverse reinforcement  

In this Chapter, a complete analysis of the shear-transfer actions of 20 beams without shear reinforcement is 
performed during loading and the process of failure. The amount of shear carried by the various shear-transfer is estimated by 
using detailed measurements on the shape and kinematics of the critical shear crack and suitable mechanical models. The results 
show good predictions in term of the shear strength of the members and allow identifying the shear-transfer actions governing 
for the shear capacity. This Chapter has been accepted for publication in a scientific journal: 

Cavagnis, F., Fernández Ruiz M., and Muttoni, A. (2017). An analysis of the shear transfer actions in reinforced concrete 
members without transverse reinforcement based on refined experimental measurements. Structural Concrete, DOI: 
10.1002/suco.291700145 

The first author carried out the experimental campaign, the analysis of the experimental measurements and the quantification 
of the shear-transfer actions under the guidance of the second and third author.  

This Chapter comprises an additional section (Section 5.11), in which further results are shown, that have not been included in 
the paper submitted due to word/character limit constraints. 

5.1 Abstract 

A traditional difficulty in the understanding of the role of the various shear transfer actions in members without transverse 
reinforcement has been a lack of detailed measurements on the development of shear cracking and their associated kinematics 
during the process of failure. In this paper, this issue is addressed on the basis of an experimental programme on 20 beams 
investigated by means of digital image correlation. The measurements are shown to allow a clear understanding of the 
mechanisms leading to shear failure and their evolution (transfer of forces between the various potential shear-carrying actions) 
during the loading process. The amount of shear carried by the various potential shear transfer actions is estimated for varying 
levels of load accounting for the cracking pattern and actual kinematics on the basis of fundamental constitutive laws for 
concrete and steel. The results are shown to be consistent and to provide a rational basis for the understanding of the 
phenomenon of shear transfer in reinforced concrete members without transverse reinforcement. 

Key-words: shear, experimental programme, digital image correlation (DIC), shear-transfer actions, mechanisms of shear 
failure 

5.2 Introduction 

Shear design of one-way slabs and beams without shear reinforcement has attracted significant research efforts in the last 
decades. These studies have allowed recognizing the different shear-transfer actions that contribute to the shear strength of 
reinforced concrete members without transverse reinforcement [1, 2]. Traditionally, the shear-transfer actions are classified [3] 
into beam shear transfer actions (where the force in the tension chord varies and transverse tensile stresses develop) and the 
arching action (where the force in the tension chord is constant and no transverse tensile stresses are necessary for carrying 
shear). With respect to the beam shear-transfer actions [3], shear can be carried by the so called cantilever action [4], the 
residual tensile strength, the dowelling action or the aggregate interlock.  

Various approaches for shear design have been developed in the past considering one of these actions as governing 
(compression zone [5–7], aggregate interlock [8]) or combining them [9–12]).  
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Despite these research efforts, there is still no general consensus on the main parameters governing the shear resistance and the 
mechanisms triggering the shear failure. In this context, detailed measurements of the failure process are probably the most 
consistent manner to advance on this issue. With this respect, digital image correlation (DIC) is a very suitable tool that allows 
tracking the displacement field and investigating the redistribution between the different load-carrying actions and the process 
of failure [13].  

In this paper, the results of 7 beams are presented, completing a previous experimental campaign on 13 beams without 
transverse reinforcement reproducing various loading and support conditions [13]. Detailed DIC measurements were recorded 
and used to track the crack shape and kinematics. On that basis, a complete analysis of the various potential shear-transfer 
actions is performed during loading as well as in the instants before and after reaching the maximum load. This analysis is 
performed by accounting for the measured kinematics and by using fundamental mechanical models. As a result, this paper 
aims at clarifying the role of the shear-transfer actions in the failure process and to identify the mechanisms triggering the shear 
failure. 

5.3 Experimental programme 

In Cavagnis et al. [13], 17 tests on 13 beams without shear reinforcement tested under different loading conditions were 
presented (SC51-SC57, SC59, SC61-SC65). That experimental programme is completed in this manuscript with 8 additional 
tests on 7 beams (SC58, SC60, SC66-SC70, refer to Table 5.1). The test setup was maintained (a detailed description of the 
test setup is provided in Cavagnis et al. [13], Figure 5.1a) allowing to reproduce various loading and support conditions: simply 
supported beams (Figure 5.1b), continuous beams (Figure 5.1c) and cantilevers (Figure 5.1d) subjected to distributed loading 
and cantilevers subjected to point loading, where the load is concentrated at the end of the cantilever (acting on a distance of 
700 mm, Figure 5.1e). 

The investigated specimens had a rectangular cross-section of 250 x 600 mm [13]. Two amounts of longitudinal reinforcement 

ratio were used: =0.54% (corresponding to 2 bars diameter 22 mm, effective depth d = 559 mm) and =0.89% (corresponding 
to 2 bars diameter 28 mm, effective depth d = 556 mm). The top and bottom reinforcement were identical. 

(a)
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q
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Figure 5.1 Experimental programme: (a) scheme of the test setup and loading conditions: (b) simply supported beams, (c) continuous beams 
and (d) cantilevers subjected to uniformly distributed loading, (e) cantilevers subjected to point loading (for more detailed description of the 

test setup, see Cavagnis et al. [13]) 
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Table 5.1 Geometrical and material properties of the tested specimens and failure loads (Vleft: shear force at the end (left) support; Vright: 
shear force at the intermediate (right) support; M/(V∙d) refers to internal forces at the right support; CCDT refers to the Critical Crack 

Development Type) 

 Test 
l      

[mm] 
a      

[mm]
M/V∙d 

[-] 
fc     

[Mpa] 
ρ 

[%] 
q 

[kN/m]
Vleft 
[kN] 

Vright 

[kN] cfdb

Vexp



[√Mpa] 
CCDT Remarks 

Figure 
5.1b 

SC51a 5’600  (-) 33.6 0.886 60.4 169 (169) 0.210 (4) Shear failure at the left support 

SC51b 5’600  (-) 33.6 0.886 57.8 (162) 162 0.201 (2) Shear failure at the right support 

Figure 
5.1c 

SC52 5’600  1.68 36.8 0.886 59.5 (133) 200 0.237 (1) Diagonal cracking right support I 

SC52a 5’600  1.68 36.8 0.886 77.1 173 (259) 0.205 (2) Shear failure at the left support 

SC52b 5’600  1.68 36.8 0.886 85.0 (190) (286) 0.226 (4) Shear failure in the central part 

SC53 5’600  2.88 33.2 0.886 40.2 (68) 158 0.197 (2) Maximum load followed by failure 

SC54 5’600  3.78 36.5 0.886 40.6 (46) 182 0.217 (4) Maximum load followed by failure 

SC55 5’600  4.48 33.7 0.886 33.4 (19) 168 0.208 (3) Diagonal cracking I 

SC55a 5’600  4.48 33.7 0.886 38.5 (22) 194 0.240 (2-1) Maximum load followed by failure 

Figure 
5.1d 

SC56 5’600  5.04 35.3 0.886 28.2 (-) 158 0.191 (3) Diagonal cracking (maximum load) 

SC57 4’900  4.41 33.2 0.886 30.0 (-) 147 0.184 (2) Maximum load followed by failure 

SC58 4’200  3.78 36.1 0.886 50.6 (-) 213 0.254 (2-1) Maximum load ; yielding 

SC59 3’500  3.15 35.5 0.886 52.3 (-) 183 0.221 (2) Maximum load followed by failure 

SC62 2’800  2.52 35.8 0.886 62.1 (-) 174 0.209 (4) Maximum load followed by failure 

SC66 2’100  1.89 31.2 0.886 91.4 (-) 192 0.247 (2) Maximum load followed by failure 

SC63 3’500  3.13 33.6 0.544 60.8 (-) 213 0.263 (3-1) Maximum load ; yielding 

SC60 2’800  2.50 36.9 0.544 58.9 (-) 165 0.194 (2-1) Maximum load followed by failure 

Figure 
5.1e 

SC70  3’850 6.92 33.3 0.886  114 114 0.142 (3-4) Maximum load followed by failure 

SC69  3’150 5.67 32.9 0.886  107 107 0.134 (4) Maximum load followed by failure 

SC61  2’450 4.41 35.3 0.886  103 103 0.125 (4) Maximum load followed by failure 

SC64  1’750 3.15 35.6 0.886  108 108 0.131 (3) Diagonal cracking maximum load 

SC68  1’400 2.52 32.6 0.886  124 124 0.156 (2) Maximum load followed by failure 

SC67  1’050 1.89 32.0 0.886  393 393 0.500 (1) Diagonal cracking I 

SC67a  1’050 1.89 32.0 0.886  429 429 0.546 (1) Maximum load followed by failure 

SC65  1’750 3.13 35.5 0.544  102 102 0.123 (3) Maximum load followed by failure 
I diagonal cracking followed by a drop in the applied load of 5-10%; the specimen could be reloaded to larger shear strengths  

 

All beams were cast with normal strength concrete with maximum aggregate size dg of 16 mm. At the time of testing, the 
measured cylinder compressive strength fc varied between 31.2 Mpa and 36.9 Mpa. Tensile reinforcement consisted in high-
strength deformed steel bars with average yield stress of 713 Mpa (bar diameter 28 mm) and 760 Mpa (bar diameter 22 mm). 
The average ultimate tensile strength after strain hardening was 820 Mpa (bar diameter 28 mm) and 920 Mpa (bar diameter 22 
mm).  

The test setup allowed varying the loading conditions and the shear slenderness. All details concerning the properties of the 
specimens (material properties, geometry and test results) are summarised in Table 5.1. All beams failed in shear (in tests SC58, 
SC63 and SC67a after yielding of the flexural reinforcement) and presented different cracking patterns at failure (refer to Figure 
5.2). In particular, specimen SC67 developed a diagonal crack close to the right support, leading to a drop in the applied load 
(about 8%). The specimen however could be reloaded and failure occurred due to concrete crushing. 
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Figure 5.2 Observed cracking patterns and considered rigid bodies for the calculation of the shear-transfer actions (cracks in black for 
increasing load until maximum load, cracks in red after maximum load) 

5.3.1 Measurement of crack kinematics 

In addition to conventional measurement techniques, three-dimensional digital image correlation (DIC) has been used to track 
the cracking pattern and the displacement field of the specimens. The DIC required painting the surface of the specimens with 
a speckle pattern. Photogrammetry was performed on the entire surface of the beams with two digital cameras Nikon D800 
(36.3 Megapixels). The pattern applied to the entire surface consisted of rounded speckles of constant size and not overlapping. 
Speckles varied between 1 and 2 mm as a function of the size of the investigated specimen, and the dimension of each pixel 
was averagely 0.35 mm (with an upper value of 0.6 mm for the large specimens). In addition, two cameras Manta (5 
Megapixels) were installed on the opposite side of the beam in order to monitor the compression zone close to the intermediate 
support (right support in Figure 5.1). In this area, the pattern was sprayed uniformly on the surface and the images had a 
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resolution of 0.2 mm/pixel. The image acquisition rate of the cameras varied during the test and was increased up to 1 Hz (in 
some tests up to 2 Hz) prior to failure.  

The main challenge of using the DIC technique was to obtain a good accuracy in measuring displacements and strains. Images 
were analysed using the VIC3D software [14]. Each image was divided into a grid of facets which were used to track the 
displacements between images. Within the facets, displacements were computed at specific points, with a maximum error of 
1/50 of a pixel. Strains were computed directly from the measured displacement points. Principal strains have been observed 
to be influenced by the dimension of the area used for the calculation. In this paper, the value of the strains in the compression 
zone have been computed from the images taken by the cameras Manta, assuming an area of approximately 50 mm x 50 mm, 
which was reduced if the thickness of the compression zone was smaller than the assumed area. 

5.3.2 Main results 

The measured shear strengths are presented in Table 5.1 and Figure 5.3. With respect to the influence of the shear slenderness 
ratio a/d on the shear strength of cantilevers subjected to concentrated load, it can be observed that the shear stress at failure 
was significantly larger for specimen SC67 (a/d < 2.5) than for the other specimens (a/d >2.5) (Figure 5.3). The development 
of the critical crack (refer to Figure 5.2) and its influence on the shear strength of the member shows a strong dependency on 
the shear slenderness ratio, as already noted by Kani [4]. For specimen SC67, the critical crack did not develop through the 
theoretical inclined compression strut and thus the flexural strength could almost be reached (at failure, the tensile 
reinforcement was at the beginning of the yielding process). For specimens with larger values of a/d, the critical cracks 
developed through the theoretical compression strut between loading and support [3], decreasing consequently the shear 
strength. For specimen SC70 (a/d ≈7), the flexural strength could again almost be reached (Figure 5.3b).  

The influence of the shear slenderness can also be observed for cantilevers subjected to distributed loading (refer to Figure 
5.3c): the shear strength at the intermediate support decreases for increasing value of the length-to-span ratio (l/d). 
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Figure 5.3 (a) Influence of the shear slenderness ratio (a/d) on the shear strength of cantilevers subjected to point loading; (b) comparisons of 
the experimental results with the flexural strength for cantilevers subjected to point loading; (c) influence of the shear slenderness on the 

shear strength of cantilevers subjected to distributed loading; (d) influence of the moment at the intermediate support on the shear strength 
for continuous beams subjected to distributed loading (only tests with =0.89% are considered) 

 



5. ANALYSIS OF THE SHEAR TRANSFER ACTIONS IN RC MEMBERS WITHOUT TRANSVERSE REINFORCEMENT 

72 

The effect of the location of the point of contraflexure in continuous beams (due to the different acting moment at the 
intermediate support, Mright) is depicted in Figure 5.3d. It can be observed that in general, this parameter does not appear to 
have a notable influence on the shear strength at the intermediate support (Vright). 

With respect to the influence of the direct strut action of the distributed loads near supports, it was recently investigated by 
Pérez Caldentey et al. [15], who showed that the loads applied near the support do not need to be transferred through the critical 
shear crack, but can directly be strutted to the support. In reference [15] it was concluded that these direct struts justify the 
increase on the shear force observed for members subjected to distributed loading compared to members subjected to point 
loading. The tests presented in this manuscript and in reference [13] confirm that for slender members, the shear resistance 
effectively increases when uniformly distributed load is applied (refer to Table 5.2). For non-slender members, however, this 
influence depends on the location and shape of the critical shear crack. For instance, within the present testing programme, for 
specimen SC66 (distributed load) developing the full-arching action was not possible since the theoretical direct compression 
strut was intercepted by the critical crack, whereas for specimen SC67 (point load) the critical crack did not penetrate within 
the theoretical strut [3] and the plastic strength could almost be reached. 

Table 5.2 Shear force at failure at the right support for cantilevers subjected to point and distributed load 

Test with distributed load /  
Test with point load dV

M


 [-] 

c
fdb

V .distr,right


 [√MPa] 

c
fdb

V intright,po


 [√MPa] 

intright,pov

.rright,distv
 [-] 

SC57 / SC61 4.41 0.184 0.125 1.48 

SC59 / SC64 3.15 0.221 0.131 1.69 

SC63 / SC65 3.13 0.263 0.123 2.14 

SC62 / SC68 2.52 0.209 0.156 1.34 

SC66 / SC67 1.89 0.247 0.500 0.49 

5.4 Cracking pattern 

5.4.1 Critical Shear Crack and Failure Crack 

By means of the DIC technique, the cracking pattern could be tracked in a very detailed manner. A number of typical cracks 
has been identified and named, according to the notation presented in Cavagnis et al. [13] (refer to Figure 5.4 for the definition 
of crack types). The critical shear crack will be referred to an existing crack (type A-F or type A-E, Figure 5.4b), whose 
development and opening lead to the failure of the specimen. The final failure surface, which develops after reaching the 
maximum load, may however not be completely coincident with the critical shear crack and will be named hereafter as the 
failure crack [13].  

(a) (b) (c)

C A A

E'

G''G'

B A A A

F

D' D' D'

F

 

Figure 5.4 (a-c) Definition of crack types (refer to Cavagnis et al. [13]) 

Four different developments of failure crack have been previously identified ([13], see also Figure 5.5) and are confirmed with 
the new experiments: 

 Critical shear crack allowing full arching action to develop (Critical Crack Development Type 1, CCDT 1). This 
crack development has been observed for specimens with crack propagating at locations such that a direct 
compression strut can develop without being disturbed by the development of the critical shear crack (Figure 5.5a, 
e.g. specimen SC67).  

 Failures following a stable propagation of the critical shear crack (CCDT 2). This failure type is characterized by the 
development within the compression zone of a quasi-horizontal crack (crack type F) from a primary flexural crack 
(crack type A) in a stable manner up to failure (crack A-F, Figure 5.5b, e.g. specimen SC68). A secondary flexural 
crack (crack type C) may merge with a primary flexural crack at low load level followed by a stable development of 
a crack type F (Figure 5.5c, e.g. specimen SC57). 
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 Failure triggered by local loss of aggregate interlock capacity due to the propagation of an internal crack (CCDT 3). 
This failure type is determined by the development of a diagonal aggregate-interlock crack (crack type E’) from a 
primary flexural crack, due to large aggregate-interlock forces [13], leading to failure of the specimen (Figure 5.5d, 
e.g. specimens SC64 or SC56). 

 Failure triggered by the merging of a secondary flexural crack (crack type C) with a primary flexural crack (crack 
type A) (CCDT 4). This failure type has been observed to be due to the merging of a crack type C with a crack type 
A-F, leading to an increase of the opening of the critical shear crack and a loss of shear-carrying capacity, triggering 
failure (Figure 5.5e, e.g. specimen SC69). 

The observed critical crack development types (CCDTs) are given for every tests in Table 5.1. It is important to note that 
different failure modes may lead to similar shear capacity and that similar members may develop rather different failure cracks.  

CCDT1 CCDT2

CCDT3 CCDT4

(a)

C A

E'

A

A

F

F

A

F

AC

(b)

(d) (e)

(c)

CCDT2

 

Figure 5.5 (a-e) Critical Shear Crack Development Types (CCDT, refer to Cavagnis et al. [13], cracks in black for increasing load until 
maximum load, cracks in red after maximum load) 

5.5 Analysis of the shear-transfer actions 

A methodology to evaluate the amount of force carried by each shear-transfer action on the basis of the crack kinematics was 
presented by Campana et al. [16] for members with low amount of transverse reinforcement. Similar calculations have been 
presented recently by Huber et al. [17] using a consistent approach confirming its validity. The results of these studies showed 
that the governing shear-transfer actions depends mainly on the kinematics and on the shape of the critical crack and may 
significantly vary even for similar specimens. However, little information is available on the phenomena governing the shear 
strength during failure (in particular before and after reaching the peak load).  

In the following, the investigation of the shear-transfer actions is performed by considering the cracks and rigid bodies 
highlighted in Figure 5.2. The forces potentially acting on them are illustrated in Figure 5.6. The total shear force at the right 
support can be considered equal to the sum of the vertical component of the shear-transfer actions that are transferred through 
the critical shear crack (VAgg: aggregate interlock; VRS: residual tensile strength of concrete; VD,tens: dowelling action of the 
tensile reinforcement; VD,compr: dowelling action of the compression reinforcement, when the critical shear crack intercepts the 
compression reinforcement; VC: inclined compression chord or arching action) and, in the case of members subjected to 
distributed loading, the amount of load which is directly strutted to the support Vq without crossing the critical shear crack 
(refer to Figure 5.6b).  

The amount of shear transferred by the various shear-transfer actions is estimated on the basis of the measured crack kinematics 
and by using different constitutive models, which are explained below. For the calculation of the shear-transfer actions, the 
shape of the crack is approximated by a polyline whose points are spaced at a maximal distance equal to the aggregate size dg 
(=16 mm) and the crack kinematics is calculated on the basis of the DIC measurements in a similar manner as described in 
Campana et al. [16].  
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Figure 5.6 Analysis of shear transfer actions: free-body equilibrium and internal forces: (a) cantilever subjected to point load; (b) cantilever 
subjected to distributed load 

5.5.1 Aggregate interlock contribution 

Aggregate interlock was early acknowledged as an important mode of transfer shear across cracks [1]. This action develops 
through contact in the rough cracks, developing normal and tangential stresses and allowing thus to transfer shear forces.  

In the literature, several models have been proposed to calculate aggregate interlock stresses [18–20]. In this paper, the two-
phase model proposed by Walraven [18] will be used due to its physical basis. The two-phase model is a mechanical approach 
based on statistical and geometrical considerations of the crack surfaces and the associated contact areas between the aggregate 
particles and the cement matrix. The model allows calculating the interface stresses by means of the following equations: 

 yxpu AA    (5.1) 

and 

 xypu AA    (5.2) 

where pu is the compressive plastic strength of the cement matrix,  is a coefficient of friction and Ax and Ay are respectively 
the sum of the projections ax and ay of the contact surfaces between the aggregate particles and the cement matrix (see Figure 

5.7a). The projections ax and ay are derived as a function of the crack opening w and sliding  and the maximum aggregate size 
dg. 

With respect to the crack kinematics, Walraven [18] assumed that the crack opening w develops prior to crack sliding (refer 
to Figure 5.7b). Ulaga [21] applied the same model by using a different crack kinematics, assuming that the crack opening w 

and the sliding  develop simultaneously at a constant angle (refer to Figure 5.7c)The main difference between the original 
kinematics and the one proposed by Ulaga can be identified in the different projections ax and ay of the contact surfaces between 
the aggregates and the cement matrix (Figure 5.7b and c respectively). A detailed analysis of the two-phase model and the 
calculated shear and normal stresses as a function of the different crack kinematics can be found elsewhere [13, 16, 22].

In Figure 5.7e-f the shear stresses measured by Jacobsen et al. [23] (black lines in the figure) for some double notch concrete 
specimens tested under different kinematics (first a mode I, where an initial crack opening w0 is created between notches, 

followed by a mixed mode kinematics, with combined opening and sliding at an angle T, refer to Figure 5.7d) are compared 
to the shear stresses calculated according to the model of Walraven and using the crack kinematics proposed by Walraven 
(green lines) and Ulaga (red lines). It shall be noted that the crack kinematics imposed by Jacobsen et al. [23] is representative 
of the kinematics experimentally measured in the upper and steeper parts of the critical shear crack of slender members, where 

the largest aggregate interlock stresses are activated (initial opening w0 < 0.05 mm and mixed mode angle  >45°, refer to [13]). 

In Figure 5.7e-f, it can be observed that the pre- and post-peak response is overestimated when the crack kinematics proposed 
by Walraven is adopted. On the contrary, the kinematics of Ulaga leads to solutions that slightly underestimate the peak stresses 
and overestimate the stresses for sliding larger than 0.25 mm.  
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Figure 5.7 Aggregate interlock contribution: (a) contact zone between aggregate and cement matrix and aggregate interlock stresses; (b-c) 
projections areas according to the kinematics proposed by Walraven [18] and Ulaga [21]; (d) crack kinematics proposed by Walraven and 

Ulaga and kinematics of mixed mode tests performed by Jacobsen et al. [23], (e-f) comparison of shear stresses experimentally measured by 
Jacobsen et al. ([23], black lines) and calculated according to the model of Walraven and the crack kinematics of Walraven ([18], green lines) 

and Ulaga ([21], red lines) 

On that basis, the transferred normal and shear interface stresses are estimated using the crack kinematics proposed by Ulaga 
[21], which better reproduces the kinematics experimentally measured in comparison to the one assumed by Walraven and 
represents a lower bound solution of the aggregate interlock stresses.  

Finally, by integration of the stresses along the crack in the vertical direction, the shear force VAgg. Is obtained (Figure 5.6).  

5.5.2 Concrete residual strength contribution 

The residual tensile strength of concrete consists on the capacity to transfer tensile stresses through the fracture process zone 
of a crack [24]. As experimentally observed [13], the top part of the critical shear crack (quasi-horizontal part) is characterized 
by a pure mode I opening response and is thus governed by the residual tensile strength of concrete [9].  

In this paper, the relation proposed by Hordijk [25] for the concrete residual strength is used (see Figure 5.8a): 
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where wc = 5.14∙(GF/fct) represents the maximum crack width for stress transfer, c1 = 3 and c2 = 6.93 are constants, GF is defined 
according to fib Model Code 2010 [26] equal to: 
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and the tensile strength of concrete fct is assumed equal to fct=0.3∙fc
2/3 (for fc< 50 MPa, [26]). Only openings w larger than 0.02 

mm (accounting for DIC reliability) have been considered for the calculation of the residual tensile stresses, as the position of 
the crack tip has been assumed where the relative displacements reach that value. 

Due to the crack inclination, the normal stresses in the crack lead to a component in the vertical direction, named VRS (Figure 
5.6).  
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Figure 5.8 (a) Tension softening of concrete under pure tensile stresses; (b) dowelling action: deflection of the flexural reinforcement in the 
proximity of the dowelling crack (crack type D’) 

5.5.3 Dowelling action 

The dowelling action refers to the capacity of flexural reinforcement bars to transfer shear forces across the crack, which can 
be activated when the longitudinal reinforcement follows a transversal displacement. In the analyses presented in this paper, 
the dowelling contribution of the tensile reinforcement VD,tens is obtained from the measured displacements of the concrete 
surface in the vicinity of the critical shear crack. It is assumed that the bar is unbonded in a length lda =ld + db, where ld is the 
horizontal length affected by the dowelling crack and db is the diameter of the bar. The deflection is approximated to a third 
order polynomial on the basis of the vertical displacements and rotations at the extremities of lda (v0, v0’and v1, v1’), which are 
derived through the measurements of two points located in each external region at a distance xd = db/2 (refer to Figure 5.8b). 
Assuming a linear-elastic behaviour of the bar and differentiating three times the deflection with respect to x-coordinate, the 
shear carried by the dowelling action can be obtained: 
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where n is the number of bars and I the moment of inertia of a longitudinal bar. It can be noted that if the reinforcement partially 
yields (only for specimens SC58, SC63, SC67a), the dowelling capacity of the rebars is reduced [27]. For the only specimens 
where this situation happened, the contribution of dowelling to the overall shear strength was null or very limited and this 
phenomenon is thus neglected. 
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With respect to the dowelling action of the compression reinforcement (VD,compr), it can be activated only when the critical crack 
intercepts the compression reinforcement (only specimens SC59, SC60 and SC66 at peak load). In these cases, the 
correspondent shear force contribution can be calculated with Eq. (5.5).  

5.5.4 Compression chord and arching action 

The contribution of the inclined compression chord and the arching action (VC in Figure 5.6) is calculated in the section located 
at the tip of the investigated critical shear crack (vertical section between the tip of the crack and the extreme compression fibre 
of the specimen, refer to the height hF in Figure 5.6). This is performed on the basis of the measured principal strains along this 
length and adopting the constitutive law for concrete explained below. When the critical shear crack propagates up to the region 
below the intermediate support (e.g. specimens SC58, SC63, SC60 and SC67), the investigated section corresponds to the one 
at the edge of the reaction plate consistently with the rest of the analyses (refer to Figure 5.2).  

In this work, the strains have been computed from the DIC measurements in a number of points located at an average vertical 
distance of 6 mm in the portion investigated. For specimens SC52, SC54 and SC57, the DIC technique could not be used 
(readings at the investigated section were not available), but LED targets were used [13], allowing also refined measurements 
of the principal strains in the compression zone. The principal strains could not be computed for specimens SC53 and SC55, 
due to the lack of any instrumentation in the critical region of the compression zone. 

In this paper, the principal stress directions are assumed to be parallel to the principal strain directions and the principal stresses 
are directly computed from the principal strains. To that purpose, principal tensile stresses are calculated assuming a linear-

elastic behaviour of concrete before reaching its tensile strength (Ec∙ and if Ec∙ >fctrefer to Figure 5.9, where 
Ec is taken equal to Ec = 10’000 ∙ fc

1/3 in [MPa]). Principal compressive stresses are computed according to a stress-strain 
relationship accounting for the pre- and post-peak behaviour (refer to Figure 5.9a and [28]):  
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where 2 refers to the measured principal compressive strain and fc,eff is the effective compressive strength expressed in [MPa]. 
It can be noted that according to the measured strains, the post-peak part of the curve was not governing for most specimens, 
and only limited post-peak deformations were attained in a few tests (SC60, SC63, SC67 and SC67a). 

For uncracked concrete, fc,eff is derived on the basis of the biaxial failure criterion accounting for the interaction between tension 
and compression stresses [29]. The concrete failure surface in the combined tension-compression regime (left upper and right 
lower quadrant) is simplified by a bilinear law (Figure 5.9b), whose slope is determined by that of the Mohr-Coulomb failure 

envelope, using a friction angle =37° [30]. Both the contribution of the inclined tension and compression stresses were 
accounted for in the calculation of the shear force VC with the pertinent surfaces and angles. 

For specimens SC58, SC60, SC67 and SC63, smeared cracking (refer to Figure 5.2 and to cracks type G’’ in Figure 5.4c) was 
observed within the compression zone (these cracks were not connected to the critical shear crack). For these cases (closer to 
the behaviour of a cracked panel with smeared cracking), the tensile strength of concrete is neglected and the effective 
compressive strength is reduced on the basis of the compression-softening law proposed by Vecchio and Collins [31]: 
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Figure 5.9 (a) Adopted stress-strain diagram for concrete [28]; (b) Kupfer’s failure surface [29] and adopted one [30] 

The shear stresses are then computed from the principal strains and principal stress directions. Finally, by integration of the 
shear stresses along the length hF, the shear force VC is obtained. 

5.5.5 Distributed load not carried by the critical shear crack 

In reinforced concrete members subjected to distributed load, a fraction of the load near the support is carried directly to the 
support without crossing the critical shear crack [15]. The load directly strutted Vq has been computed as the integration of the 
load applied between the intermediate support (right support) and the position at which the critical shear crack (crack type A) 
intercepts the flexural reinforcement (e.g. specimen SC62, Figure 5.2). When a secondary flexural crack (crack type C) becomes 
connected during loading with a primary flexural crack and the crack propagation remains stable, (e.g. specimen SC59, Figure 
5.2), the interception between the secondary flexural crack and the longitudinal reinforcement is considered. 

5.5.6 Calculated shear-transfer actions on the basis of the measured kinematics 

The main analysis of the contribution of the various shear-transfer actions is plotted in Figure 5.10, which depicts the amount 
of shear carried by each action for each specimen at the maximum load (tests SC51a, SC51b, SC52a, SC52b, SC55a, SC56 and 
SC67a are not considered due to lack of reliable measurements of the crack kinematics at peak load).  
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Figure 5.10 (a) Amount of calculated shear carried by each shear-transfer action at peak load compared to the experimental shear strength 
VRight,exp. (all shear forces are with respect to the intermediate support) 
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Figure 5.11 (a) Scan of the crack surface of specimen SC59 and geometry of the different sections through the width of the specimen used to 
calculate the aggregate interlock contribution; (b) aggregate interlock stresses computed at 7 different sections (at different values of y 

through the width of the specimen), accounting for the measured crack geometry and kinematics extrapolated from the measurements on the 
surface (y=0 mm) 

The comparison between the sum of the estimated contributions and the acting shear force at the right support shows a good 
agreement (average ratio experimental-to-sum of estimated contributions equal to 1.01 with a Coefficient of Variation of 9% 
for 16 specimens in Figure 5.10, disregarding specimens SC53 and SC55 due to lack of detailed measurements of the principal 
strains in the compression zone). 

The analyses have been performed on the basis of the DIC measurements obtained at one side of the specimen. It shall 
nevertheless be noted that the profile of the crack is not uniform through the width of the member (Figure 5.11a). This leads 
potentially to differences in the calculated contributions of the shear transfer actions. As an instance, Figure 5.11b depicts the 
calculated shear force transferred by aggregate interlocking for seven crack profiles through the width of the member, where 
the crack displacement have been extrapolated from the measurements on the surface (average normalized aggregate interlock 
stress VA/(b∙d∙√fc) equal to 0.081 and COV 17%). Although some level of variability exists due to the considered profile, it 
remains nevertheless within the scatter of the fundamental constitutive laws adopted [13, 17]. 

It can be noted that, at the maximum load, the amount of shear carried by each shear-transfer actions is variable. For specimens 
SC52, SC58, SC63, SC60 and SC67, the shear strength was governed (particularly for specimens SC58, SC63 and SC67) by 
the arching action, whereas for all the other specimens, the amount of shear carried by aggregate interlock is generally 
governing and the measured maximum shear force can be almost fully explained by the calculated contribution of the beam 
shear-transfer actions (aggregate interlock, dowelling action, residual tensile strength of concrete and inclined compression 
chord) and the distributed load directly strutted. It is notable that for specimens SC59, SC60 and SC66, the critical shear cracks 
reached the compression reinforcement and activated the dowelling action of the compression reinforcement before failure. 

In the following, the differences between cases governed by the arching action and by beam shear-transfer actions will be 
presented and discussed on the basis of some selected specimens. 

5.5.7 Behaviour of specimens governed by arching action 

Whenever a direct strut can develop (CCDT1, Figure 5.5a), the contribution of the inclined compression strut can be observed 
to be governing. This was for instance the case of specimen SC58, where the contribution of the beam shear-carrying actions 
only explains a limited amount of the total shear force (Figure 5.12a). For this specimen, in fact, the shear crack originated near 
the intermediate support region (refer to Fig. 4.14). It developed in a stable manner and almost did not penetrate within the 
theoretical compression strut. After full development of the critical crack, at about 70% of the maximum load, even if the beam 
shear-transfer actions decayed (Figure 5.12a), the load could still be increased, as the arching action became dominant. 
Eventually, the flexural strength of the member was reached. A close look to the inclination of the principal compressive strains 
at the maximum load (Figure 5.12b) shows that the contribution of the direct strut was clearly governing.  

A similar case was observed also for specimen SC67 (Figure 5.12c), where most of the shear force was transferred to the 
support through a direct compression strut. In this case, failure occurred due to crushing of the compression zone, with the 
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appearance of a crack (crack type G’’, Figure 5.4c) that was originated not from the flexural crack but from the intermediate 
support (right support) and that developed at a flat angle (first crack from the top side of the specimen, in Figure 5.2). 
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Figure 5.12 (a) Shear-transfer actions for specimen SC58. Direction and magnitude of the experimentally measured principal compressive 
strains at V/Vmax =1.000: (b) for specimens SC58, (c) SC67 and (d) SC60 

The arching action plays a role also for specimen SC60 (refer to Figure 5.10), even if the critical crack penetrated within the 
theoretical compression strut (Figure 5.12d). In fact, a close look to the cracking patterns and to the detailed measurements of 
the inclination of the principal compressive strains at the maximum load (Figure 5.12d) shows that a direct strut developed 
above the critical shear crack, which propagated in a stable manner up to the support. 

5.5.8 Behaviour of specimens governed by beam shear-transfer actions 

When the critical crack does not develop close to the intermediate support, the contribution of the compression zone after the 
propagation of a crack type F from the primary flexural crack is rather limited. Representative cases are specimens SC51, SC53, 
SC54, SC55, SC56, SC57, SC59, SC62, SC70, SC69, SC61, SC64, SC68 and SC65 (refer to Figure 5.10). These tests 
correspond mostly to slender members. 

In Figure 5.13a, the contribution of the different shear-transfer actions during loading are shown for specimen SC70 (refer to 
Fig. 4.8 for crack kinematics). It can be observed that, before the development of the quasi-horizontal branch that initiated at 
about 40% of the maximum load, shear was carried by the compression chord, by aggregate interlock stresses, which are 
activated locally in the steeper parts of the crack, and by the residual tensile strength of concrete. After the propagation of the 
crack type F, the contribution of aggregate interlock became dominant, whereas the contribution of the compression chord 
progressively decreased. At maximum load, the contribution of the compression chord is almost negligible (the direction of the 
principal compressive strains is practically horizontal, refer to Figure 5.13b) and the contribution of aggregate interlock is 
governing. Figure 5.13c-e show the normal and shear stresses and the forces computed along the crack surface on the basis the 

measured crack kinematics. With respect to the interface tangential stress  (Figure 5.13c), it can be observed that it reaches a 
maximum value of 3.1 MPa in the steeper part of the crack and it decreases for larger openings towards the tensile longitudinal 
reinforcement. The shear stresses become eventually null in the quasi-horizontal branch of the crack. From Figure 5.13e, it can 
be observed that aggregate interlock forces developed in the steeper parts of the critical crack, whereas the forces due to residual 
tensile strength of concrete developed in the quasi-horizontal part of the critical crack (crack type F). It can be thus noted that 
both tension and compression normal forces can be developed at the critical shear crack (as observed in  [23, 32]). 
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Figure 5.13 (a) Shear-transfer actions for specimen SC70; (b) direction and magnitude of the experimentally measured principal compressive 
strains at V/Vmax =1.000; (c) shear and (d) normal stresses developing along the crack surfaces and (e) aggregate interlock and residual tensile 

forces at V/Vmax =1.000 

It is notable that for this specimen, another potential critical crack developed near the intermediate support. However, as the 
tip of the crack was located only at about 0.2 d from the intermediate support, the compression zone was able to carry a fraction 
of the shear force (inclined compressive strains above the tip of this crack in Figure 5.13b) and this crack did not become 
critical. 

5.6 Discussions of results 

On the basis of the previous findings, it can be stated that the amount of shear force carried by the various shear-transfer actions 
during loading and at the maximum load depends on the location, geometry and kinematics of the critical shear crack. 
Interesting results can be obtained by analysing the contributions of the various shear-carrying mechanisms in a cross section 
located at representative cracks: 

- The cantilever action, where the shear force at the cross section corresponding to a flexural crack is carried by the 
inclination of the compression chord, plays a significant role before the propagation of the critical crack in a quasi-
horizontal manner (crack type F). This has been observed to develop at a load level which may be significantly lower 
than the maximum load [13]. 

- For slender members, characterized by a critical shear crack developing far from the intermediate support region, the 
contribution of the inclined compression chord at the maximum load is rather limited (less than 30%), and, in some 
cases, almost negligible. 

- The contribution of the arching action can be observed to be dominant only if the critical crack propagates near the 
intermediate support region and develops in a stable manner below the intermediate support plate (e.g. specimens 
SC52, SC58, SC63, SC60 and SC67).  
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- The contribution of aggregate interlock depends on the geometry, on the location and on the kinematics of the critical 
crack. Aggregate interlock stresses are mobilized when both opening and sliding develop and are activated in 
particular in the steeper and upper parts of the crack. For cracks developing below or in the vicinity of the intermediate 
support, hardly any aggregate interlock develops, since almost no crack sliding occurs (e.g. specimen SC52 in [13]). 
On the contrary, if the critical crack is sufficiently far from the intermediate support, aggregate interlock contributes 
for a significant percentage to the shear resistance (up to 80% of the total applied load).  

- Residual tensile strength of concrete at the maximum load depends mainly on the opening and on the length and 
inclination of the quasi-horizontal branch of the critical crack (crack type F). The contribution of the residual tensile 
strength (up to 32% of the total applied shear force) is of particular relevance for cracks type F with an extended 
length and a very limited crack opening (e.g. specimens SC68, SC61). 

- The capacity of the dowelling action of the tensile reinforcement to transfer shear for specimens under a single point 
load depends mainly on the location of the critical crack and is very limited when the crack develops far from the 
end support (e.g. specimen SC70, Figure 5.13a), whereas it is more notable (up to 20% of the applied shear force) if 
the critical crack is located close to it (e.g. specimen SC68). In the case of continuous beams or cantilevers subjected 
to distributed loading, the contribution of the longitudinal reinforcement is generally more significant (see Figure 
5.10).  

- When the critical crack develops in a stable manner through the compression reinforcement, dowelling action of the 
compression reinforcement can develop and it can become efficient when the critical crack intercepts the 
reinforcement in the proximity of the intermediate support region. The compression reinforcement has been observed 
to contribute significantly in the post-peak shear strength (e.g. specimens SC64, SC68). In these cases, the 
compression reinforcement acts in a similar manner as the integrity reinforcement in slabs after punching in the 
column region [33]. 

- With respect to continuous beams and cantilevers subjected to distributed loading, the load applied between the 
intermediate support region and the critical shear crack is assumed to be carried directly to the support by direct 
struts. On the basis of the current experimental results, the distance at which the critical crack intercepts the 
longitudinal reinforcement varies between d and 2.6d (refer to Figure 5.2 and [13]), lower values than those reported 
in [15]. 

5.7 Conclusions 

In this paper, the results of 7 reinforced concrete beams without shear reinforcement that complete an extensive experimental 
campaign with detailed measurements of 13 specimens described in Cavagnis et al. [13], are presented. In addition, the role of 
the shear-transfer actions and the mechanisms of shear failure are investigated in detail. The main conclusions are listed below: 

1. The relative significance of the various potential shear-transfer actions varies with the cracking shape and position. 
During the process of loading, as cracks progress, some shear-transfer actions become predominant while others 
reduce their significance. 

2. On the basis of refined kinematical measurements and by using suitable mechanical models, the contribution of each 
shear-transfer actions can be calculated: 

- For slender specimens, the shear force is carried by a combination of aggregate interlock, dowelling action, 
residual tensile strength of concrete and inclined compression chord, with aggregate interlock being the dominant 
shear-transfer action.  

- The arching action becomes the governing shear-transfer action only when the critical shear crack develops 
below the intermediate support and below the theoretical direct strut carrying shear. This is mostly the case of 
squat members.  

3. These findings are confirmed by a close look to the principal compressive strains, which are almost horizontal when 
the contribution of the compression zone is rather limited, or almost negligible, while they are clearly inclined when 
a direct strut develops. 

4. When the critical shear crack develops below the intermediate support and is approximately straight, aggregate 
interlocking is practically negligible. 
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5. Although a crack presents a variation on its geometry through the width of the member, analyses of the sum of the 
contributions of the shear-transfer actions do not reflect high sensitivity to this issue. 
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5.9 Appendix A. Notation 

a 
shear span (defined for specimens subjected to concentrated loads as the distance between the axis of the load and the axis 
of the right support) 

ax,ay projected contact areas in x and y directions 

b width of the beam  

c1,c2 constants 

d effective flexural depth 

db diameter of reinforcing bar  

dg maximum aggregate size 

fc concrete compressive strength measured in cylinder 

fc,eff effective compressive strength of concrete 

fct concrete tensile strength 

h beam height 

hF distance from the top compression fibre to the tip of crack type F 

l span length 

ld length of the dowelling crack 

lda length in which the longitudinal reinforcement is unbonded  

n number of bars 

q distributed load 

v0, v1 vertical displacements 

v0’, v1’ rotations  

vdistr. normalized shear stress of members subjected to distributed loading 

vpoint normalized shear stress of members subjected to point loading 

w crack width 

wc maximum crack width allowing tensile stresses transfer in concrete 

xd distance between two points located at the external regions of the dowelling crack 

Ax,Ay sum of the projected contact areas in x and y directions 

CSCT critical shear crack theory 

DIC digital image correlation 

Ec modulus of elasticity of concrete 

Es modulus of elasticity of steel 

GF fracture energy 

I moment of inertia  

M bending moment 

Mcr cracking bending moment 

Mright bending moment at the intermediate (right) support  

MA Bending moment at point A 

Q concentrated load 

V acting shear force 

Vexp measured shear force 



5. ANALYSIS OF THE SHEAR TRANSFER ACTIONS IN RC MEMBERS WITHOUT TRANSVERSE REINFORCEMENT 

84 

Vflex flexural strength  

Vleft shear force at the end (left) support  

Vmax shear force at failure (maximum value)  

Vright shear force at the intermediate (right) support  

VAgg contribution of aggregate interlock to shear resistance  

VC contribution of inclined compression chord or arching action to shear resistance  

VD contribution of dowelling action to shear resistance  

VD,tens contribution of dowelling action of the tensile reinforcement  

VD,compr contribution of dowelling action of the compression reinforcement   

VRS contribution of residual tensile stresses to shear resistance  

Vq fraction of the distributed load carried by direct struts 

 brittleness factor 

 mixed mode angle 

T tangent mixed mode angle 

 relative crack sliding 

ct principal tensile strain leading to equal to fct 

 reference strain in the compression stress-strain relationship 

 principal tensile strains 

 principal compressive strains 

min minimum measured principal compressive strains at peak load in the investigated area 

 coefficient of friction 

ρ reinforcement ratio of tension reinforcement 

 normal stress 

 principal tensile stresses 

 principal compressive stresses 

pu compressive plastic strength of cement matrix 

res residual tensile strength of concrete 

 shear stress 
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5.11 Further analyses on the role of the shear-transfer actions  

In this section, the role of the various shear-transfer actions is reviewed with reference to additional tests. Moreover, the analysis 
of the shear-carrying actions in the post-peak regime and the mechanisms of shear failure are discussed for some cases. 

As shown in the Section 5.5, the arching action plays a significant role for tests SC52, SC55a, SC58, SC63, SC67 and SC67a. 
For these members a clear direct strut forms and its contribution is predominant (CCDT1, refer to Figure 5.5a). In some cases, 
a direct strut developed even if the critical crack penetrated within the theoretical compression strut. This is for instance the 
case of specimen SC60. For this specimen, it can be observed that the contributions of the residual tensile strength and of the 
aggregate interlock at the critical shear crack decreased after the full development of the critical crack (at 75% of peak load, 
refer to Figure 5.14). These reductions were compensated by the activation of the dowelling action of the compression 
reinforcement and the arching action, allowing a further increase of the applied load. This redistribution of internal forces was 
possible due to the location and shape of the critical shear crack. A close look to the cracking patterns and to the inclination of 
the principal compressive strains at the maximum load shows that a direct strut developed above the critical shear crack (see 
Figure 5.12d). Failure occurred due to crushing of the compression zone: a crack of type G’’ developed within the compression 
zone originating from the load introduction plate and merged with the critical shear crack, triggering failure.  
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Figure 5.14 Shear-transfer actions for specimen SC60 

When the critical shear crack does not develop close to the intermediate support (slender beams), the contribution of the inclined 
compression chord, after the propagation of the quasi-horizontal branch from the primary flexural crack, is rather limited 
(between 0 and 26% for the investigated specimens, but normally less than 15% of the total shear force). Representative cases 
are, for instance, tests SC51a, SC51b, SC52a, SC52b, SC53, SC54, SC55, SC56, SC57, SC59, SC61, SC62, SC64, SC65, SC8, 
SC69 and SC70.  

Specimen SC69 is investigated in Figure 5.15and two potential critical shear cracks are considered: the one highlighted in 
Figure 5.15a is the critical shear crack, whereas the one shown in Figure 5.15b is a potential shear crack that did not become 
critical. It can be observed that, for both cracks, the contribution of aggregate interlock is governing at peak load, whereas the 
contribution of the inclined compression chord is rather limited. A close look to the shear-carrying mechanisms of the crack, 
highlighted in Figure 5.15b, shows that, before the development of the quasi-horizontal branch of the crack within the 
compression zone (V/Vmax=0.373, refer to Figure 5.15c), the shear force is carried by the inclined compression chord (cantilever 
action), whereas the contributions of dowelling action, aggregate interlock and residual tensile strength are almost negligible 
due to the vertical development of the flexural crack. At peak load, after the full development of the crack type F (V/Vmax=1.000, 
refer to Figure 5.15d), however, the contribution of aggregate interlock becomes predominant, and the aggregate interlock 
stresses are activated especially in the steeper and upper part of the crack. With respect to the critical shear crack (Figure 5.15a), 
it can be observed that the maximum value of the dowelling action is reached before the development of a dowelling crack 
(crack type D’) along the longitudinal reinforcement (at approximately 80% of the maximum load). At peak load, aggregate 
interlock is still predominant (70% of the sum of the various shear-transfer actions), whereas the compression chord carries 
approximately 10% of the total shear force. The crack in Figure 5.15b did not become critical due to its steeper thus more 
favourable inclination, which was eventually capable of developing additional aggregate interlock stresses for potential larger 
values of the applied load. 
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Figure 5.15 (a) Specimen SC69: shear transfer actions activated (a) along the critical crack and (b) a potential critical crack; (c) and (d) 
direction and magnitude of the experimentally measured principal compressive strains at V/Vmax = 0.373 and at V/Vmax =1.000  

As shown in Section 5.4.1, when the critical shear crack does not develop in the vicinity of the intermediate support, three 
different potential developments of the critical shear crack have been identified and named (CCDT2, CCDT3 and CCDT4, 
refer to Figure 5.5b-e). Based on the analyses of the shear-transfer actions, it has been observed that the primary mechanism of 
shear-transfer for these members at peak load is aggregate interlock. The shape and development of the critical shear crack 
influence the post-peak response and how the mechanisms of shear resistance vary in the post-peak regime. For some cases, 
failure is directly associated to the loss of the aggregate interlock capacity at the critical crack. This is noticeable for members 
characterized by a critical shear crack of type 3 (crack type A-E’. CCDT3, refer to Figure 5.5d), where an aggregate interlock 
induced crack (crack type E’) develops from the primary flexural crack leading to a drop in the applied load or failure (e.g. 
specimen SC55, SC56, SC64). Moreover, this is also notable for members characterized by a critical crack of type 4 (CCDT4, 
refer to Figure 5.5e), where a secondary flexural crack merges with the primary flexural crack, disabling aggregate interlock 
stresses at the critical shear crack below the merging point and triggers failure (specimens SC61, SC69). For specimens of 
CCDT2 (refer to Figure 5.5b-c), the role of the various shear-transfer actions in the post-peak regime varies as function of the 
shape and location of the critical shear crack. A particular case is represented for instance by specimen SC68. For this specimen, 
it can be observed that at 95.5% of the maximum load, the critical crack had not yet developed within the compression zone 
(refer to Figure 5.16a and b) and the whole shear force was transferred by means of the cantilever action, the dowelling action 
of the longitudinal reinforcement and the contribution of the residual tensile stresses. At the maximum load, however, aggregate 
interlock can be observed as the main shear-transfer mechanism (40% of the total applied load, Figure 5.16a). Moreover, for 
this specimen both dowelling action (about 17%) and residual tensile strength of concrete (about 21%) play a role and the 
amount of load which is transferred through the compression zone is also not negligible (about 23% at failure), due to the 
location and geometry of the critical crack and to the height hF of the compression zone above the tip of the crack (refer to 
Figure 5.16c). It is interesting to note that after reaching the peak load, the critical crack developed in a stable manner for 
approximately 5 seconds for decreasing values of the applied load. During this stable crack propagation, the sum of the 
contribution of the various shear-transfer action decreases. In particular, the contribution of the compression zone, the dowelling 
action and the residual tensile strength decrease, whereas the aggregate interlock contribution increases. In addition, some 
dowelling action of the compression reinforcement develops. This stable crack propagation beyond the peak load (to 0.995↓) 
was followed by an unstable crack growth and a drop in the applied load (of about 45%). At that moment, the test was stopped 
and it can be observed that the compression reinforcement was capable of developing a significant strength (66% of the post-
peak strength), acting as integrity reinforcement (Figure 5.16a). Its activation, however, is significantly dependent on the 
position and shape of the critical crack, which intercepted the top reinforcement in the proximity of the intermediate support. 
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Figure 5.16 (a) Shear-transfer actions for specimen SC68; (b) and (c) direction and magnitude of the experimentally measured principal 
compressive strains at V/Vmax = 0.955 and at V/Vmax =1.000  

The mechanisms of shear failure and the role of aggregate interlock can be further investigated on the basis of the measured 
kinematics at the crack. In Figure 5.17a, the measured kinematics of the points along the critical shear cracks of some selected 
specimens (SC57, SC59, SC68, SC69 and SC70), where the largest aggregate interlock stresses develop, is shown. These points 
are located in the steeper parts of the critical shear cracks. In Figure 5.17b, the normal and shear stresses have been calculated, 
using the model of Walraven [18] generalized by Guidotti [22], that accounts for the measured kinematics shown in Figure 
5.17a. As already investigated in [13], the kinematics of quasi-vertical branch of the critical shear crack is characterized by an 
initial opening w0 perpendicular to the crack plane, followed, after the initiation of a crack type F, by an increase of both 

opening w and sliding . This observation is confirmed in Figure 5.17a: it can be noted that, in the part of the crack where the 
largest aggregate interlock stresses develop, the initial openings w0 are in general very small (w0<0.1 mm) and at peak load 

(markers in Figure 5.17a) the mixed mode angle  remains larger than 45° (for definition of crack opening, sliding, mixed mode 

angle, see Figure 5.7d). Note that the mixed mode angle  may eventually reach values lower than 45° at peak load only for (i) 
squat members (e.g. specimen SC67, see Figure 4.18), for (ii) slender members characterized by a critical shear crack 
developing below the theoretical compression strut, such that the arching action is still possible (e.g. SC58, see Figure 4.14) or 
for (iii) slender members characterized by a critical shear crack progressing in a stable manner in the vicinity of the loading 
plate, such that the compressive reinforcement acts as an integrity reinforcement (e.g. specimens SC60 and SC66 see Figure 
4.15 and 4.17).  

In Figure 5.17a it can be observed that for specimens SC57, SC59, SC68 and SC70, during loading, the tangent mixed mode 

angle T decreases. The propagation of the critical shear crack within the compression zone determines a progressive reduction 
of the tangent mixed mode angle for increasing values of opening and sliding and allows developing aggregate interlock stresses 
at the crack. For specimens SC57, SC59 and SC70, it can be noted that at peak load (markers in Figure 5.17) the largest 
aggregate interlock stresses are developed. For specimen SC57, during the post-peak response (green curves in Figure 5.17a 

and b), the quasi-horizontal brunch further propagated causing a reduction of the angle T. However, the significant width of 

the critical crack did not allow activating sufficient aggregate interlock forces for decreasing value of . Failure is thus triggered 
by the breakdown of the aggregate interlock capacity: when the aggregate interlock stresses start decreasing and no alternative 
shear-transfer mechanisms with a comparable strength develop, the member fails.  

However, as previously observed, the maximum aggregate interlock forces do not always develop at peak load. A close look 

to the measured kinematics of specimen SC68 shows that, beyond peak load, the angle  decreases progressively to almost 
40°, allowing an increase of the aggregate interlock stresses that compensates the reduction of the contributions of the inclined 
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compression chord, the dowelling action and the residual tensile strength of concrete. Beyond the maximum load, at 0.995↓ of 
the peak load, the crack reached the compression reinforcement close to the load introduction region, and in order to sustain or 
increase the applied load, either the activation of alternative shear-transfer actions or the reduction of the mixed model angle 

T was required. However, the shape and location of the critical shear crack did not allow these situations to occur, triggering 
an unstable crack growth. 

Concerning specimen SC69, it can be observed that during loading the tangent mixed mode angle remains larger than 50° 
(Figure 5.17a) and, at peak load (marker in Figure 5.17), the aggregate interlock shear stress reaches its maximum value. 
Moreover, the merging of the crack type C with the crack type A-F leads to a sudden increase of the opening of the critical 
shear crack and the deactivation of some aggregate interlock forces below the merging point (almost 45% of the total shear 
force). The failure crack (crack type C combined with crack type A-F), is thus characterized by a flat inclination and only the 
development of alternative shear-transfer actions may eventually avoid failure. Failure is thus initiated by the loss of the 
aggregate interlock capacity.  

 SC57
 SC59

 SC70
 SC69
 SC68

γ = 4
5°

(a)

[mm]δ
0 0.2 0.4 0.6 0.8 1.0

0

0.2

0.4

0.6

0.8

1.0

w
 [m

m
]

[mm]δ
0 0.2 0.4 0.6 0.8 1.0

[M
P

a]
τ

[M
P

a]
σ

0

4

3

2

1

-1

-2

fc=30 MPa

(b)

 

Figure 5.17 (a) Kinematics (crack opening w vs. crack sliding ) of the investigated points along the critical shear crack cracks of specimens 
SC57, SC59, SC68, SC69, SC70, (b) normal and shear stresses calculated according to the model of Walraven [18], generalized by Guidotti 
[22], accounting for the measured kinematics of Figure 5.17a (fc=30 MPa, dg= 16 mm, markers represents values of kinematics and stresses 
at peak load, curves in black refer to increasing load up to peak load, curves in green refer to decreasing load after maximum load (stable 

crack propagation), curves in red represent unstable crack growth triggering failure) 

On the basis of the previous observations, it can be concluded that, for slender members when the critical shear crack does not 
develop in the vicinity of the intermediate support: (i) during the process of loading, the quasi-horizontal branch develops 
within the compression zone and allows activating aggregate interlock stresses at the critical shear crack; (ii) at peak load, 
aggregate interlock is the predominant shear-transfer mechanism; (iii) the mechanism of shear failure is initiated by the loss of 
the beam-shear transfer actions capacity; (iv) during the stable propagation of the critical shear crack for decreasing load beyond 
the peak load, the role of the various shear-transfer actions varies as a function of the critical shear crack shape and its associated 
kinematics; however, aggregate interlock remains the primary mechanism of shear-transfer; (v) when the critical crack is no 
more capable of developing shear stresses across the crack or in the uncracked compression zone, unstable crack growth occurs. 
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Chapter 6 A mechanical model for failures 
in shear of members without transverse 
reinforcement based on development of a 
critical shear crack 

This Chapter presents a mechanical model for shear design of slender reinforced concrete members without 
transverse reinforcement consistent with the main assumptions of the Critical Shear Crack Theory. The calculation of the shear 
strength is performed by intersecting a failure criterion (obtained by integration of the various shear-transfer actions) with a 
load deformation relationship. The model allows predicting the shear and deformation capacity and the location of the critical 
shear crack leading to failure. It is shown that the failure criteria obtained by integration of the shear-transfer actions can be 
approximated by a power-law equation. This Chapter has been accepted for publication in a scientific journal: 

Cavagnis, F., Fernández Ruiz M., and Muttoni, A. (2017). A mechanical model for failures in shear of members without 
transverse reinforcement based on development of a critical shear crack. Engineering Structures. 

The first author developed the mechanical model consistently with the main ideas of previous works of the second and third 
author. The mechanical model presented in this Chapter is a quantitative investigation of the various shear-transfer actions and 
it is based on the qualitative analytical considerations presented in a previous paper of the second and third author: 

Fernández Ruiz M., Muttoni, A., and Sagaseta J. (2015). Shear strength of concrete members without transverse 
reinforcement: A mechanical approach to consistently account for size and strain effects. Engineering Structures, 99, 360-
372.  

6.1 Abstract 

In this paper, a mechanical model consistent with the main assumptions of the Critical Shear Crack Theory (CSCT) is proposed 
for shear design of slender concrete members without shear reinforcement. To that aim, the shear force that can be transferred 
through the critical shear crack by aggregate interlock, residual tensile strength and dowelling action as well as due to the 
inclination of the compression chord are calculated by integration of fundamental constitutive laws accounting for the critical 
shear crack opening and kinematics at failure. The pertinence of the assumptions is validated through comparisons to detailed 
test measurements to assess their validity. The model allows predicting the failure load, the deformation capacity and the 
location of the critical shear crack leading to failure. The results are checked against large datasets and the model is finally used 
to discuss on the influence of the various parameters on the governing shear-transfer actions. The results are eventually used 
to propose improvements on the CSCT failure criterion for shear, relating the shear strength and its associated deformation 
capacity. 

Key-words: concrete structures, shear strength, critical shear crack theory, shear-transfer actions 

6.2 Introduction 

The shear strength of reinforced concrete beams without transverse reinforcement has been extensively investigated in the past 
and many mechanical approaches have been proposed to address this issue [1–7]. Yet, these models present significant 
discrepancies on the mechanical parameters and shear-transfer actions governing failure and this is still a topic of controversy 
and open discussion. As established since long, there are various potential shear-carrying actions that allow transferring shear 
forces in cracked concrete members. They are usually classified as beam shear-transfer actions (where the force in tension 
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chord varies)—cantilever action (Figure 0.1a), residual tensile strength of concrete (Figure 0.1b), dowelling action (Figure 
0.1c) aggregate interlock (Figure 0.1d), which may also be combined (Figure 0.1e)—and the arching action (where the force 
in the tension tie remains constant, Figure 0.1f). A complete description of each of them can be found elsewhere [8].  

One mechanical approach which considers the contribution of all potential shear-carrying actions is the Critical Shear Crack 
Theory (CSCT) proposed by Muttoni et al. [3]. This theory is based on the assumption that the shear strength of slender 
members without stirrups is governed by the development of a critical shear crack that limits the strength of the theoretical 
inclined compression strut carrying shear. According to this theory, both the shear strength and the deformation capacity of a 
member are related through a failure criterion (Figure 0.1g), with lower strengths associated to larger deformation capacities 
(and thus larger crack widths). 

A detailed description of the CSCT and of the development of the critical shear crack can be found elsewhere [9–11]. These 
investigations have shown that rather different crack patterns may develop for similar reinforced concrete members and that 
the contribution of each-shear transfer action may significantly vary during loading (being this strongly dependent on the shape, 
location and kinematics of the critical shear crack).  
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Figure 0.1 Shear-transfer actions described with strut and tie models (tensile forces in red and compressive forces in blue): (a) cantilever 
action; (b) residual tensile strength of concrete; (c) dowelling action; (d) aggregate interlock; (e) combined shear-transfer actions; (f) arching 

action; (g) failure criterion of the Critical Shear Crack Theory (CSCT) (adapted from Muttoni et al. [3]) 
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A theoretical description of the main physical parameters governing the shear capacity can be found in Fernández Ruiz et al. 
[8]. This work shows, by means of an analytical approach based on simple constitutive laws that all shear-transfer actions 
depend eventually on the same mechanical parameters (concrete compressive strength, effective depth, maximum aggregate 
size and crack width). These results confirmed the validity of the failure criterion of the CSCT relating the shear strength and 
the deformation capacity at failure (Figure 0.1g) in terms of its shape and governing parameters. Since that work [8], a number 
of detailed testing programmes using digital image correlation (DIC) have been performed [10–12]. These programmes provide 
very detailed information on the development of the critical shear crack and on the associated capacity of each shear-transfer 
action. In this paper, this new experimental data is used in combination with refined constitutive laws to perform detailed 
calculations on the contribution of the various potential shear-transfer actions during the process of loading and at failure. As 
a result, predictions can be made not only on the strength and deformation capacity, but also on the shape and location of the 
critical shear crack as well as on the amount of the shear carried by each shear-transfer action. The results are compared to 
actual tests to show the consistency of the approach and to discuss on the role and significance of the various shear-transfer 
actions. On that basis, improvements on the CSCT failure criterion will be presented and discussed. 

6.3 Load-critical shear crack opening relationship 

One of the main assumptions of the CSCT, according to Muttoni et al. [3], is that the width w of the critical shear crack can be 
assumed to be proportional to the product of the longitudinal strain in a control section times the effective depth of the member 

(w ∝ ∙d, where the strain can be calculated according to a cracked sectional analysis). The validity of this assumption has 
been confirmed again by recent experimental investigations [11] on the basis of DIC measurements. According to these 
measurements, although cracks at narrow spacing may develop at the level of the longitudinal reinforcement, they merge 
thereafter and the sum of all cracks tributary to the critical shear crack yields an approximately linear horizontal opening profile 
(refer to Figure 0.2). This tributary length lB has been experimentally observed to be fairly constant at peak load [11] and can 
be approximated by the expression: 

cdlB   (6.1) 

(average of measured-to-calculated values equal to 1.01 with a Coefficient of Variation of 7% for 11 specimens presented in 
[11]), where c is the depth of the compression zone, calculated by assuming a linear response of concrete in compression and 
neglecting concrete in tension: 
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with Ec taken as 3100010 cc f'E   in MPa. 

Thus, considering that the reinforcement strains can be calculated as (linear profile of compression stresses): 
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and assuming that the horizontal crack opening at the level of the reinforcement is proportional to the product of the tributary 

length lB times the strain at the level of the longitudinal reinforcement uA=s∙lB, it results: 
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In simply supported elements subjected to point load, for instance, MF=VF∙aF and thus Eq. (6.4) yields: 
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  (6.5) 

where aF refers the moment-to-shear ratio of the investigated section, corresponding to the distance xF of the section to the 
support in this case (the so called shear span, see Figure 0.3a). 
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Figure 0.2 Crack kinematics, centre of rotation and horizontal opening u of the cracks tributary to the opening of the critical shear crack in a 
region of length lB (specimen SC69 [11]) 

It has to be noted that Eq. (6.3) is an approximation as the contribution of the internal forces acting on the critical shear crack 
(refer to Figure 0.3d) to the moment MF at a section located at crack tip are neglected (in accordance to the numerical results 
of detailed calculations accounting for all potential forces in the critical shear crack [11]). 

6.4 Contribution of the shear-transfer actions 

In the following, the contribution of the various shear-transfer actions to the shear resistance will be investigated by integration 
of fundamental constitutive laws. This will be done with reference to a potential critical shear crack characterized by a given 
shape and kinematics (crack opening and sliding). The location of the potential critical shear crack will then be varied in order 
to find the governing location leading to the minimum shear strength. 

6.4.1 Crack shape and kinematics 

The shape of the critical shear crack for slender members failing in shear has been investigated in detail and described by 
Cavagnis et al. [10]. The critical crack at failure can be approximated by a bi-linear shape comprising a quasi-vertical part 
(segment A-B in Figure 0.3a, whose inclination is related to the moment-to-shear ratio [10]) and a quasi-horizontal part 
(segment B-F in Figure 0.3a).   

A trend for the inclination of the quasi-vertical segment A-B with respect to the moment-to-shear ratio A was experimentally 
investigated in [10] and it can approximated by the following expression: 
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where A is the shear slenderness ratio defined as A=MA(x)/VA(x)∙d, with MA and VA corresponding to the acting bending 
moment and shear force at the section where the investigated crack intercepts the flexural reinforcement.  

The length lA of the segment A-B of the crack can be calculated assuming that it propagates up to the neutral axis [10]: 

AB
A

cd
l

sin


  (6.7) 

With respect to the quasi-horizontal part of the crack, it was observed that its origin is related to the (quasi-vertical) tensile 
stresses developing at the tip of the crack, due to the cantilever action between the flexural cracks (Kani’s tooth model, Figure 
0.1a, [3, 11]) and that it propagates at a load level which can be significantly lower than the failure load. Although the length 

lF and the angle BF of the segment B-F were observed to have some level of scatter [3], in the following, lF is assumed to be 

equal to d/6 and BF equal to /8 in agreement to experimental measurements [10, 11]. 
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Figure 0.3 (a) Kinematics and displacements of the crack lips according to the adopted crack shape; (b) crack opening w perpendicular to the 
crack surface and (c) sliding ; (d) equilibrium of the rigid-body and internal forces 

The kinematics of such crack is presented in Figure 0.3b and c. According to [8] and to the measurements of [11], it can be 
assumed that the centre of rotation is approximately located at the tip of the crack. The rotation of the crack can thus be 
calculated as a function of the reinforcement strain: 
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where uA and s are respectively the horizontal opening of the crack and the strain at the level of the longitudinal reinforcement, 
lB is the length contributing to the opening of the critical crack according to Eq. (6.1) (see Figure 0.2) and 

BFFF lcdd sin  defines the vertical distance from the tip of the crack to the flexural reinforcement (Figure 0.3b and c). 

The associated relative movements are depicted in Figure 0.3a. The shape and kinematics allow defining the opening and 
sliding at each point of the critical crack (opening in Figure 0.3b and sliding in Figure 0.3c). It can be noted that the top part of 
the crack is characterized by pure opening (mode I), whereas the quasi-vertical part of the crack by a combined crack opening 
and sliding (mixed mode I-II).  

6.4.2 Residual tensile strength contribution 

Cracked concrete has a residual capacity to transfer tensile stresses for low crack openings. The softening behaviour can be 
modelled using several approaches. In this work, the proposal by Reinhardt [13] characterized by a simple power law equation 
will be used: 
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where c1=0.31 and   111 ccfGw ctFc  represents the maximum crack width for stress transfer. The fracture energy of 

ordinary normal weight concrete GF can be calculated according to fib Model Code 2010 [14] as 1800730 .
cF f.G   (N/mm, 

MPa) and the tensile strength of concrete is assumed equal to 3230 cct f.f   for fc < 50 MPa  [14] and   315030 cct f.f   for 

fc ≥ 50 MPa (approximating [14]). It shall be noted that the fib Model Code 2010 does not explicitly account for the size of the 
aggregates on the value of the fracture energy. Nevertheless, this dependence is acknowledged by the code in its commentary 
and also considered in previous versions of the fib Model Code (as that of 1990 [15]), implying that the shear transfer capacity 
of the residual tensile strength depends eventually upon the aggregate size [8].  

It is important to note that only the top part of the critical shear crack (segment B-F) is characterized by a response in mode I 
and it is then governed by residual tensile strength of concrete. The quasi-vertical part (segment A-B) is characterized by a 
mixed mode response so that the residual concrete tensile strength in that part is considered together with the aggregate interlock 
contribution (see following subsection). By integration of the stresses along segment B-F, the shear force can be determined 
as: 
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 (6.10) 

where  is the integration variable, lF1 is the integration limit, b is the width of the member, res refers to the residual stress 

normal to the crack and BF is the angle of segment B-F. 

The resulting shear force carried by the residual tensile strength of concrete according to Eq. (6.10) thus results: 
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 (6.11) 

and the associated normal force is: 

BFsResRe VN tan  (6.12) 

The integration of stresses leads to two possible regimes: (i) cases where the normal stresses develop along the whole length 
of segment B-F ( cF wl  ) so that lF1 = lF and (ii) cases where the normal stresses develop only close to the tip of the crack 

( cF wl  ), with lF1 equal to: 
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It is interesting to note that for the latter case, Eq. (6.11) and (6.13) give a simple expression: 
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where the residual strength contribution depends on the fracture energy of concrete GF and not on the distribution of the tensile 
stresses (Eq. (6.9)). In addition, Eq. (6.14) clearly shows the hyperbolic decay of the contribution VRes with increasing crack 
opening uA (in agreement to [8]). 

6.4.3 Aggregate interlock contribution 

Many approaches based on the opening and sliding between the rough surfaces of the crack have been proposed in the literature 
to calculate the aggregate interlock stresses [16–18]. A consistent approach to this issue was developed by Walraven [16], as a 
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two-phase model, whose application has been generalized by Ulaga [19] and Guidotti [20] accounting for different kinematical 
paths. A detail description of them can be found in [9, 20]. However, the integration of Walraven’s equations requires numerical 
procedures and it cannot be solved in a closed-form manner. In order to avoid the use of numerical procedures in this work, 
two analytical equations have been calibrated by the authors of this paper on the basis of the Walraven’s model for aggregate 
interlock, but considering the kinematics of Guidotti which is more representative of the actual case (see Figure 0.2). These 

assumptions allow calculating the transferred shear stresses () for a given opening (w) and sliding () as: 
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as well as the normal stresses (): 
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where res is defined according to Eq. (6.9), c2=40, c3=35 and c4=400 are constants; dgd  and dgdww  are the 

normalized crack sliding and crack opening and ddg is an average roughness whose value can be calculated as follows: 

 gdg d,d  16mm40min                      for fc ≤60 MPa 

(6.17) 

  26016mm40min cgdg fd,d        for fc >60 MPa 

where dg refers to the maximum aggregate size. Justification of Eq. (6.17) is provided later in this section. 
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Figure 0.4 (a) Kinematics of mixed mode tests performed by Jacobsen et al. (fc =41 MPa, dg =8 mm) [21]; (b-d) comparisons of aggregate 
interlock stresses according to the model of Walraven [16] for kinematics analogue to that of Guidotti [20] and the aggregate interlock 

stresses calculated according to Eqs. (6.15) and (6.16) but neglecting the term res; (e-g) comparison of mixed mode test results [21] with 
shear and normal stresses calculated according to Eqs. (6.15) and (6.16) 
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Figure 0.5 (a) Idealized crack plane according to the model of Walraven [16] and (b) actual crack plane; crack surface near the aggregates: 
(c) idealized, according to the Walraven [16] and (d) actual 

Figure 0.4b-d show comparisons between the aggregate interlock stresses calculated according to the model of Walraven [16] 
for a kinematics analogue to that of Guidotti [20] (initial opening w0 followed by a combined opening and sliding, Figure 0.4a) 

and the normal and shear stresses calculated according to Eqs. (6.15) and (6.16), but neglecting the term res which is not 
accounted for in the theoretical model of Walraven. The same comparisons are shown in Figure 0.4e-g to aggregate interlock 

stresses measured by Jacobsen et al. [21] for specimens tested with the same kinematics, but accounting for the term res (which 
is actually present in the tests). It can be noted that the peak value of the calculated shear and normal stresses is in good 
agreement with the theoretical and experimental ones, as well as the stiffness and softening properties. In addition, the simple 

superposition of the residual tensile stresses (res) and aggregate interlock stresses (agg,0) gives reasonable results compared 
to the test measurements (Figure 0.4e-g): it can be observed that the normal stresses vary from tension to compression during 

the combined opening w and sliding , but remain in tension for low values of .  

It is important to mention that Eqs. (6.15) and (6.16) have been calibrated to be applied to calculate the aggregate interlock 

stresses for mixed mode crack openings, with initial openings w0 and secant mixed mode angle  which are typical of critical 

shear cracks of slender members (w0 between 0.025-0.25 mm and mixed mode angle > 45°, [10]). With respect to the average 
roughness (ddg), this term accounts for two issues: 

– The first is that concrete cracks present an undulated (rough) surface (Figure 0.5b and d), contrary to Walraven’s 
approach which assumes cracks as perfect planar surfaces with protruding aggregates (Figure 0.5a and c). This 
roughness, ensuring the transfer of shear forces by interlocking, is referred to as meso-roughness [8]. The value of 
the meso-roughness depends on the surface properties after crack development, but can be assumed as 16 mm [3] for 
normal cases (refer to Eq. (6.17)). 

– The second is that, as observed by Sherwood et al. [22], the increase of the interlock capacity is limited for large 
aggregates. In addition, for high-strength concrete (fc > 60 MPa), a reduction of the aggregate size shall be considered 
[3], since cracks develop through the aggregates, resulting in crack surfaces that are relatively smooth [23]. 

As shown in Figure 0.3a, only the quasi-vertical branch of the critical shear crack (segment A-B) is characterized by a mixed 
mode I and II behaviour. On the basis of the aggregate interlock laws and the relative displacements between the lips of the 
crack, the aggregate interlock forces at the critical crack can be determined as:  
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where  is the integration variable, l1, l2 and l3 are the integration limit, b is the width of the member, agg,0, agg,0 and res are 

defined in Eqs. (6.15) and (6.16) and AB refers to the inclination of segment A-B. Note that the integration of agg,0 and agg,0 

leads to VAgg,0 and NAgg,0, whereas the integration of res leads to VAgg,res and NAgg,res. 
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In a general manner, the resulting shear force that can be transferred by aggregate interlock can be written as: 
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(refer to Figure 0.3a). 

The integration limits l1 and l2 can be calculated on the basis of the geometry of the crack (refer to Figure 0.3b): 

 BFABFll   cos1 and Alll  12 . With respect to l3, the integration of aggregate interlock stresses leads to three 

potential regimes:  

(i) cases where the residual stresses res develop through the whole length of segment A-B (wA < wc corresponding to low crack 
openings), hence l3 is equal to l2; (ii) cases where the residual stresses develop only on the top region of the segment A-B 
(wB < wc < wA) so that l3 results: 

23 l
w

w
l

A

c   (6.21) 

and (iii) cases where no residual tensile stresses develop through the quasi-vertical branch of the crack since the opening of the 
crack along the whole segment A-B exceeds wc (corresponding to large crack openings), hence l3 is equal to l1 and VAgg,res and 
NAgg,res are equal to zero. 

6.4.4 Dowelling action 

Dowelling forces can be activated due to relative vertical displacement between the crack surfaces at the level of the 
longitudinal reinforcement [9]. The capacity of dowelling action to transfer shear is governed by the effective area of the 
concrete in tension near the bars and by its effective tensile strength [24]:  

efefef,ctDowel lbfnV   (6.22) 

where n is the number of bars activated, fct,ef is the effective tensile strength, bef  and lef are the effective width and length in 
which the tensile strength develops (Figure 0.6a and b). The effective length is estimated as lef = 2db [24] (where db is the 
diameter of the reinforcing bars, Figure 0.6a) and the effective width bef (Figure 0.6b) can be calculated as [24]: 

 bbef c,dnbb  4min  (6.23) 

where b is the width of the member and cb is the concrete cover.  
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Figure 0.6 (a) Development of transverse stresses at the cover region along the bar and definition of effective length lef; (b) distribution of 
transverse tensile stresses (perpendicular to the bar) and definition of effective width bef (adapted from [24]); (c) reduction of the effective 

tensile strength as a function of the longitudinal strains in the bar (experimental data from [25]) 

With respect to the effective tensile strength of concrete (fct,ef), it should be noted that its value is strongly influenced by the 
state of strains in the flexural reinforcement (due to its interaction with bond [24]). This effect can be estimated as [25]: 

ctbef,ct fkf   (6.24) 

where kb is a strength reduction factor and it follows a decay for increasing strains in the flexural reinforcement (Figure 0.6c). 
When the reinforcement is not strained, kb can be assumed equal to 1. In the following, the reduction factor for increasing value 
of strains in the longitudinal reinforcement is calibrated by fitting the experimental data presented in [25] as (refer to Figure 
0.6c): 
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By replacing the steel strain s with the value BAs lu , the coefficient kb becomes: 
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The shear resistance due to dowelling action of one-ways slabs with one layer of reinforcement bars is thus: 

  bbctbDowel ddnbnfkV  2  (6.27) 

For comparison with test data, when no information is available on the bar spacing or for multiple layers, a value of 3db will 

be assumed as bar spacing. With this assumption, the last part of Eq. (6.27) becomes 24 bdn   which can be expressed as a 

function of the reinforcement ratio (  db 16 ), so that the shear strength due to the dowel contribution can be approximated 

by: 

dbfkV ctbDowel  5  (6.28) 
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6.4.5 Contribution of the compression zone 

Shear can also be transferred by means of the inclination of the compression chord [8]. For slender beams, this action is 
significant mostly before the propagation of the segment B-F of the critical crack within the compression zone and then it 
decreases progressively as the inclination of the compression chord is rather flat (Figure 0.1e and Figure 0.7a) [11]. For short-
span beams (associated to low slenderness), with cracks developing without disturbing the theoretical direct strut (typically 
cracks whose tip is located close to the acting load), the arching action can develop almost undisturbed and the shear strength 
is mostly controlled by this action (refer to Figure 0.1f and Figure 0.7b).  

A realistic assumption for the inclination of the compression zone is derived based on the detailed observations of the principal 
strain directions shown in Figure 0.7a and b and in [11] (assuming that the inclination of principal strains and stresses is 
parallel). According to these measurements, it can be assumed that the resultant of the forces of the compression zone at the 
section corresponding to point F acts at a distance cn = 1/3 hF from the top compressive fibre, where hF is the thickness of the 
compression zone above the tip of the crack (hF = d - dF). In addition, at the edge of the loading plate, a stress block of thickness 
2cm with compressive stresses equal to the full compressive strength fc can be assumed (refer to Figure 0.7c). This can be 
presumed to be a lower-bound of the actual contribution, as the tensile stresses perpendicular to the strut are neglected. The 
horizontal and vertical component acting in the compression zone can thus be calculated iteratively by moment equilibrium of 
the rigid body with respect to point of contraflexure (point P, in Figure 0.3d). The iterative procedure involves assuming an 
initial distance cm between the top compressive fibre and the centre of the theoretical strut at the edge of the loading plate, 

which allows defining the inclination c of the compression zone: 
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where rF,edge is the distance between the tip of the crack and the edge of the loading plate (Figure 0.7c). 

Varying the value of cm, the iterative procedure ends when  reaches the compressive strength of concrete fc and the vertical 
component results: 
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Since the location of the critical shear crack is unknown a priori, the iterative procedure that allows calculating the contribution 
of the compression zone shall be performed for any potential shear crack in the span of the member. It can be noted that an 
increase of the moment-to-shear ratio of the critical shear crack leads to an increase of the normal force in the compression 
zone and thus to an increase also of the contribution of the compression chord [7]. In Figure 0.7d, the contribution of the 
compression zone is calculated for 629 slender beams included in the database by Reineck et al. [26] assuming xA=0.5a for all 
tests (in agreement with [26]). It can be observed that the percentage of the total shear carried by the compression zone depends 
significantly on the ratio rF/hF, where rF is the distance between the tip of the crack and the axis where the load is applied. As 
the contribution of the compression zone shown in Figure 0.7d is relatively low for slender beams compared to other shear-
transfer actions, a simplified expression can be used despite the non-negligible scatter: 
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where Vc is the total shear capacity (Vc =  VRes + VAgg + VDowel + VCompr) and kc1 is a constant obtained by fitting of the calculated 
contribution of the compression zone and that can be assumed equal to 0.5. It is important to mention that when a direct strut 
can develop, this approach is no longer valid since the theoretical strut carries almost the total shear force (refer to Figure 0.7b). 
This is for instance the case of members with low shear-to-span ratios (a/d < 2.5), with high pre-stressing forces (associated to 
low effective slenderness [27]), or with no or limited bond strength [3].  

The shear carried by the inclination of the compression chord yields thus from Eq. (6.31): 
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It can be noted that according to this approach, the contribution of the compression zone is determined by the geometry and 
the location of the critical shear crack and it is governed by the same mechanical parameters as the other shear-transfer actions. 
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Figure 0.7 Crack pattern and principal compressive strains at failure load for (a) a slender beam (specimen SC70) and (b) a squat beam 
(specimen SC67) (adapted from Cavagnis et al. [11]); (c) hypothesis of a stress field used to determine the contribution to the shear strength 

of the compression zone; (d) calculated contribution of the compression zone with respect to the total shear capacity as a function of the 
distance between the tip of the crack and the axis where the load is applied (tests included in the database from Reineck et al. [26], assuming 

xA=0.5a) 

6.5 Evaluation of the shear capacity 

The total shear strength Vc can be calculated by summing the contribution of the various shear-transfer actions:  
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The three components VRes, VAgg and VDowel contained in Eq. (6.33) are strain-dependent, which means that they can be expressed 
as a function of the crack opening uA (see Eq. (6.11), (6.20) and (6.22)). The crack opening uA can be calculated using Eq. (6.4) 
which means that an iteration is required (as the crack opening depends on the shear force V). Calculating the shear strength 
requires thus assuming a location of the critical crack and then iteratively increasing the crack opening and checking that the 
acting shear force V is equal to the shear capacity Vc. The solution V=Vc is the intersection between the load-deformation 
relationship of Eq. (6.4) and the failure criterion of Eq. (6.33) as shown in Figure 0.8a. The governing location of the critical 
shear crack can therefore be calculated as the one leading to the minimum strength of all potential locations.  

The iterative procedure for calculation of the strength can be summarized in the following steps: 

1. Choose a location of the critical shear crack xA. 

2. Calculate the angle AB as a function of A = MA/(VA∙d) according to Eq. (6.6) (refer to Figure 0.3a). 

3. Assume an initial crack opening uAi (as a first step uA0 = 0.001 mm can be assumed). 

4. Calculate, as a function of the shape of the crack and its kinematics, the residual tensile strength force (VRes, Eq. 
(6.11) in Section 6.4.2), the aggregate interlock force (VAgg, Eq. (6.20) in Section 6.4.3), the dowelling action (VDowel, 
Eq. (6.22) in Section 6.4.4), the contribution of the compression zone (VCompr, Eq. (6.32) in Section 6.4.5) and the 
shear capacity as the sum of these contributions (Vc, Eq. (6.33)). 
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5. Calculate the crack opening uA as a function of the acting bending moment at the section corresponding to the tip of 
the crack (MF), (refer to Eq. (6.4) in Section 6.3), where MF is proportional to the shear force (V). 

6. Iterate the crack opening uAi at step 3 and repeat from step 3 to 6, until uA is equal to uAi. 

One of the main advantages of this approach is that it can be applied to general or more complex cases and to different loading 
conditions. This can be done by accounting for the influence of the main governing mechanical parameters (moment-to-shear 
ratio aF, crack opening, reinforcement ratio, aggregate size, compressive strength) and evaluating the contribution of the 
different load-carrying actions at the peak load. 

Figure 0.8a shows an instance of the contribution of the different shear-transfer actions to the shear strength as a function of 
the strains at the level of the longitudinal reinforcement. The example refers to a simply supported beam without transverse 

reinforcement subjected to point loading. The failure criterion in Figure 0.8a is expressed as a function of the parameters∙d/ddg, 

where the product s∙d is assumed to be proportional to the crack opening. Such normalization is consistent to that used by the 
CSCT [3] (Figure 0.1g) and allows for a direct comparison. It can be observed that in this example the aggregate interlock is 
the governing shear-transfer action and that the contribution of the concrete in tension is significant for low openings of the 
critical shear crack. On the contrary, the contribution of the compression zone and the longitudinal bars (dowelling action) to 
the shear strength are very limited in this case. Moreover, it can be noted that the strength of each shear-transfer action decreases 
for increasing opening of the critical crack and that their decay follows a similar trend (in agreement to [8]). The reason for this 

strength decay with increasing crack opening uA is illustrated in Figure 0.8b and c, where the residual tensile stresses (res) and 

the aggregate interlock stresses (agg and agg) are shown for three different values of the opening of the shear crack 

(s∙d/ddg=0.01, 0.03 and 0.05). It can be noted that the normal stress agg is in tension in a part of segment A-B for low openings 

of the critical shear crack (s∙d/ddg=0.01), whereas for larger openings it is always in compression. With respect to the shear 

stress agg, it reaches a maximum value of 5 MPa in the upper part of the segment A-B and it decreases for increasing openings 
of the critical shear crack.  
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Figure 0.8 (a) Failure criterion and load-deformation curve; shear-transfer actions: aggregate interlock, residual tensile strength of concrete, 
dowelling action and contribution of the compression zone; (b) normal and (c) shear stresses developing along the critical shear crack for 

three different values of s∙d/ddg (0.01, 0.03 and 0.05) 

6.6 Discussion on the significance of shear-transfer actions for members 
subjected to point load 

In Figure 0.9 the location of the critical crack and the associated capacities of the shear-transfer actions are investigated with 
reference to an actual test (specimen SC61, presented in detail in [10]). The specimen corresponds to a simply supported beam 

tested under concentrated load (a/d = 4.41, d = 556 mm,  = 0.89%, fc = 35.3 MPa, dg = 16 mm). Three different potential 

positions of the critical shear crack (xA = d, xA = 0.5a and xA = a - d) are investigated. Their inclinations AB are calculated 
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according to Eq. (6.6) and correspond well with the observed cracks (Figure 0.9a). From Figure 0.9b-d it can be noted that the 
strains at the level of the longitudinal reinforcement and the contribution of the different shear-transfer actions vary as a function 
of the location of the critical shear crack. It can be observed that the contribution of aggregate interlock is dominant in this case 
for all investigated positions of the critical shear crack. Moreover, when the crack is located close to the end support (in a 
general case, the point of contraflexure with zero bending moment), the contribution of the compression zone is very limited 
and the tensile strength of concrete plays a role, whereas when the critical crack develops closer to the load introduction plate 
(section of maximum bending moment), the contribution of the compression zone increases and the shear carried by the tensile 
strength of concrete decreases. In a general manner, the governing theoretical position of the critical crack is defined as the 
location where the sum of the contributions of the different shear-transfer actions reaches its minimum value. In Figure 0.9b-
d, it can be observed that the shear capacity (sum of all shear-transfer actions, intersection between the load-deformation 
relationship and the failure criterion) does not significantly vary between the investigated sections xA and that the location of 
the critical crack has thus a limited influence on the shear strength of the member. This explains why for this type of members, 
the experimentally observed position of the failure crack can present a large scatter and different shear-transfer actions may 
eventually be governing [8, 11]. 

The governing location of the critical crack is also investigated in Figure 0.10 for different values of slenderness ratio (a/d), 

reinforcement ratio () and effective depth (d). In Figure 0.10a, the contribution of the different shear-transfer actions to the 
shear capacity is shown for each position xA of the critical shear crack. It can be observed that for cracks developing within a 
region between 0.4a and 0.6a, the total shear capacity is almost constant but the amount of shear carried by each shear-transfer 
action shows some levels of variation. In Figure 0.10b and c it can be observed that an increase of the slenderness ratio leads 
to a variation of the governing position of the critical crack, with the governing crack closer to mid-span for less slender 
members. In Figure 0.10d it can be noted that the distance rF between the tip of the critical shear crack and the axis where the 
load is applied varies between d and 2d. A similar trend, concerning the location of the governing critical shear crack has been 
experimentally observed in the tests performed by Leonhardt and Walther [28]. The influence of the reinforcement ratio is 
illustrated in Figure 0.10e. An increase in the reinforcement ratio leads to an increase of the height of the compression zone, 
which therefore plays a more significant contribution in carrying the shear. Consequently, for increasing values of the 
reinforcement ratio, the governing location of the critical crack shifts towards mid-span. It can be shown that almost all other 
parameters have low influence on the governing position of the critical shear crack (for instance, effective depth d in Figure 
0.10f). 
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Figure 0.9 (a) Specimen SC61 [10]: crack pattern at maximum load and selected potential location of the critical shear crack xA; (b-c-d) 
contribution of the various shear-transfer actions at the different locations of the critical shear crack (xA = d, xA = 0.5a and xA = a - d) and 

intersection of the load-deformation relationship with the failure criterion 
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Figure 0.10 Normalized shear strength as a function of the location of the critical crack (points in black refer to the location with the 
minimum shear strength): (a) contribution of the different shear-transfer actions at different critical crack locations xA; (b-d) influence on the 
location of the critical shear crack of the slenderness ratio a/d, (e) of the longitudinal reinforcement ratio  and (f) of the effective depth d 

An interesting fact to be noted is that the curves representing the shear capacity are very flat around the minimum (at a distance 
between 1.5d and 2.25d from the load introduction plate and between 0.4a and 0.6a). For these cases, adopting a fixed control 
section within this region is even sufficient for calculating the shear strength (although the relative significance of the shear-
transfer actions may not be accurately assessed). To that aim, for instance, a value xA=0.5a in agreement with the considerations 
of Reineck et al. [26] is reasonable.  

In Figure 0.11, the calculated shear capacity of 635 rectangular concrete beams without shear reinforcement (data from Reineck 
et al. [26] completed with the tests by Cavagnis et al. [11]) is plotted against the normalized crack width parameters. The plot 
is normalized to account for the effective depth, the width, the compressive strength and the aggregate size of the member [8]. 
The black points in Figure 0.11 represent the intersection between the failure criteria calculated according to Eq. (6.33) at the 
control section xA = 0.5a and the load-deformation relationship (refer to Eq. (6.5)). In addition, the direction of the failure 
envelopes in the vicinity of the intersection is plotted (grey lines in Figure 0.11). It is interesting to note that failures occur 
actually in a narrow band despite the large range of cases considered (effective depth d ranging 50-2000 mm, flexural 

reinforcement ratio  ranging 0.4-7%, concrete strength fc ranging 10-110 MPa, aggregate size dg ranging 0-32 mm, shear span 
a ranging 2.5d - 8.5d).  

For design purposes, instead of calculating the failure criteria by integration of the stresses along the critical shear crack, 
Muttoni et al. [3] proposed a simple hyperbolic failure criterion (Figure 0.1g) that approximates the failure band. Although the 
CSCT failure criterion provides a reasonable estimate of the shear capacity, Figure 0.11 shows that its accuracy can be enhanced 

for low values of the term s∙d/ddg with a power law-expression (red line in Figure 0.11) where the exponent of the term s∙d/ddg 
is -1/2: 

0c
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
 (6.34) 

where vc is the shear capacity per unit length, k is a constant that can be obtained by fitting of the calculated shear strengths (k 
= 0.019 in Figure 0.11) and vc0 refers to the maximum shear strength per unit length (not investigated in this study). 
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Figure 0.11 Calculated shear strengths of 635 rectangular beams failing in shear (a/d ≥ 2.5) (data from Reineck et al. [26] completed with the 
tests by Cavagnis et al. [11]) as a function of the reinforcement strains at the critical section (xA =0.5a) 

6.7 Validation of the approach with test results and improvement of the CSCT 

Figure 0.12 shows the comparison between the shear strengths calculated according to the general procedure (Eq. (6.5) + Eq. 
(6.33)), the simplified approach (Eq. (6.3) + Eq. (6.34)) and the original procedure of the CSCT [3] with some selected 
experimental test series. The main parameters governing the shear strength are investigated: the shear-to-span ratio a/d, the 

longitudinal reinforcement ratio , the effective depth d, the compressive strength fc, the aggregate size dg and the elastic 
modulus of the longitudinal bars Es. The comparison shows that the calculated shear strengths are in very good agreement when 
compared with experimental results and the three approaches follow similar trends. 

Figure 0.13 presents a systematic comparison of the shear strengths calculated solving the set of Eqs. (6.5) and (6.33) against 
635 tests on simply supported beams or cantilevers subjected to point loading (see also Appendix B). The database used is that 
of Reineck et al. [26] completed with the tests by Cavagnis et al. [11], where only rectangular beams with a/d ≥ 2.5 have been 
considered. It can be observed that there are no clear trends for the main mechanical and geometrical parameters. The average 
measured-to-calculated shear strength is 1.01 and the Coefficient of Variation is 13.6% (Appendix B and Table 0.1).  

The accuracy of the model is comparable to that obtained using the original formulation of the CSCT [3] (average measured-
to-calculated shear strength 1.02, CoV 15.6%, refer to Table 0.1). Based on the observations of the present study and recent 
experimental investigations [22], the CSCT [3] can be improved accounting for ddg defined according to Eq. (6.17) (the ratio 
between measured-to-calculated shear strength results equal to 1.01 with a CoV of 14.5%, refer to Table 0.1) 

Moreover, as shown in Section 6.6, the accuracy of the hyperbolic failure criterion of the CSCT can be enhanced assuming a 
power law failure criterion (refer to Figure 0.11). The shear capacity can thus be calculated in a simple manner by combining 
the load-deformation relationship of Eq. (6.3) and the simplified power law failure criterion of Eq. (6.34), assuming the control 
section at xA=0.5a. For this simplified approach, a good agreement is also found between the measured shear strength in the 
tests and the calculated one, with an average ratio of 1.03 and with a value of CoV of 14.2% (Table 0.1). 
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Figure 0.12 Comparison of the proposed approaches and the CSCT [3] to test series investigating: (a) the slenderness ratio a/d [11], (b) the 
reinforcement ratio  [29], (c) the effective depth d [30], (d) the compressive strength fc [31], (e) the aggregate size dg [32] and (f) the 

reinforcement elastic modulus Es (steel and non-metallic reinforcements) [33] 
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Figure 0.13 Ratio Vexp/Vcalc (Vcalc calculated according to the presented procedure: Eqs. (6.5) and (6.33), assuming xA=0.5a) as a function of 
the different mechanical and geometrical parameters for the cases of simply supported and cantilever slender beams subjected to 

concentrated load (data from Reineck et al. [26] completed with the tests by Cavagnis et al. [11]): (a) shear span-to-effective depth ratio a/d; 
(b) longitudinal reinforcement ratio ; (c) effective depth d and (d) compressive strength fc 
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 Vexp / Vcalc [-] CoV [-] 

CSCT2008 [3], xcr=a-d/2 1.02 0.156 

Proposed approach  Eq. (6.5) + Eq. (6.33), assuming xA =0.5a 1.01 0.136 

Improvement of the CSCT2008 [3] assuming ddg according to Eq. (6.17)  1.01 0.145 

Simplified power law failure criterion Eq. (6.3) + Eq. (6.34), assuming xA =0.5a 1.03 0.142 

Table 0.1 Comparison of calculated and experimental shear strengths: average value Vexp / Vcalc and coefficient of variation (CoV)  

6.8 Conclusions 

This paper presents an overview of the shear-transfer actions and their contribution to the shear strength of slender reinforced 
concrete members without transverse reinforcement. The contribution of the various shear-transfer actions is quantified on the 
basis of fundamental constitutive laws and accounting for a realistic crack shape and kinematics (based on detailed 
measurements on tests). The main conclusions are listed below: 

1. Shear can be carried by a number of potential shear transfer actions. In a general manner, there is not a governing 
shear transfer action, and the amount of shear force carried by each action depends on the location of the critical 
shear crack, its kinematics (opening and sliding) and the crack roughness properties. 

2. The cantilever action (as described in the Kani’s tooth model) is governing for load levels which are generally lower 
than the actual failure load. This shear-carrying action is disabled by the development of a horizontal branch of the 
critical shear crack generated by the tensile stresses near the crack tip. The load can further be increased above the 
capacity of the cantilever action as other shear-carrying actions develop.  

3. For slender members, the failure load is eventually governed by beam shear-transfer actions (aggregate interlock, 
residual tensile strength and dowelling action): 

– For low crack widths in slender members, both aggregate interlock and tensile strength of concrete play 
an important role. For large crack widths, aggregate interlock becomes more dominant.  

– The dowelling action of the longitudinal reinforcement exhibits a more limited contribution than the other 
beam shear-carrying actions. Yet, its contribution is not necessarily negligible. 

– The contribution of the inclined compression chord for slender members depends significantly on the 
location of the tip of the critical shear crack. For critical shear cracks located at a certain distance from the 
load introduction, its contribution is rather low. 

For squat members, arching action is governing. 

4. Despite the fact that the relative amount of each shear-transfer action may differ depending on the location and shape 
of the critical shear crack, the total shear capacity (sum of the various contributions) is relatively constant 
independently of the location of the critical shear crack. This explains why the location of the failure crack may vary 
significantly even for similar specimens. 

5. The force transferred by the different shear-transfer actions decay for increasing openings of the critical shear crack 
and they are governed by the same mechanical parameters. Accounting for this fact and for the relatively constant 
sum of the various shear-transfer actions, shear failures can be described by a single failure criterion. 

6. The main assumptions of the Critical Shear Crack Theory are in agreement to the previous conclusions and allow 
describing shear failures in a general manner. The shape of its failure criterion can be derived by analytical and 
numerical considerations, allowing relating the shear strength to the deformation capacity at failure, and can be 
enhanced by a power-law equation. 
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6.10 Appendixes 

6.10.1 Appendix A. Notation 

a 
shear span (defined for specimens subjected to concentrated loads as the distance between the centre of the load and 
the centre of the support) 

aA M/V at section A  

aF M/V at section F  

b width of the beam  

bef effective width of concrete in tension  

c depth of the compression zone 

c1, c2, c3, c4 constants of the model 

cb concrete cover 

cm distance from the top compression fibre to the centre of the inclined compression strut at the edge of the loading plate 

cn distance from the top compression fibre to the axis where inclined force of the compression zone acts 

d effective flexural depth 

db diameter of reinforcing bar  

ddg dg+16 [mm]  

dF vertical position of the tip of the crack  

dg maximum aggregate size 

fc concrete compressive strength measured in cylinder 

fct concrete tensile strength 

fct,ef effective tensile strength of concrete 

h beam height 

hF distance from the top compression fibre to the tip of the shear crack 

k coefficient power-law failure criterion 

kb reduction factor tensile strength of concrete 

kc1 coefficient compression zone 

l span length 

l1 l2 l3 lF1 integration limits  

lef effective length 

lA length of segment A-B of the critical shear crack 

lB length of the region of the beam contributing to the opening of the critical crack 

lF length of segment B-F of the critical shear crack 

n number of longitudinal bars 

rA distance from the axis of the load introduction to the onset of the critical shear crack 

rF distance from the axis of the load introduction to the tip of the critical shear crack 

rF,edge distance from the edge of the loading plate to the tip of the critical shear crack 

u opening of the crack measured along the horizontal direction 

uA horizontal opening of the critical shear crack at point A 

v opening of the crack measured along the vertical direction 

vA horizontal opening of the critical shear crack at point A 

vc shear capacity per unit length 

vc,0 maximum shear strength per unit length 

w crack width perpendicular to the crack surface 

w  normalized crack opening w / ddg 

wA opening perpendicular to the crack surface at point A 

wB opening perpendicular to the crack surface at point B along segment A-B 



6. A MECHANICAL MODEL FOR FAILURES IN SHEAR OF MEMBERS WITHOUT TRANSVERSE REINFORCEMENT 

110 

wc maximum crack width allowing tensile stresses transfer in concrete 

xA distance from point A to the support 

xF distance from point F to the support 

z inner level arm 

As area of longitudinal bars 

Ec modulus of elasticity of concrete 

Es modulus of elasticity of steel 

GF fracture energy 

M bending moment 

MF bending moment at the section corresponding to the tip of the critical shear crack 

NAgg horizontal component of the aggregate interlock action 

NCompr horizontal component of the inclined compression chord 

NRes horizontal component of the residual tensile strength of concrete 

V acting shear force 

Vc shear capacity 

Vmax shear force at failure (maximum value)  

VAgg shear force carried by aggregate interlock action 

VCompr shear force carried by inclined compression chord 

VDowel shear force carried by dowelling action 

VRes shear force carried by residual tensile strength of concrete  

c inclination of the compression chord 

 MA/(VA∙∙d)  in section A 

 AB angle of flexural cracks  

BF angle of crack type F  

 secant mixed mode angle 

T tangent mixed mode angle 

 crack sliding 

 A horizontal opening of the critical shear crack at point A 

  normalized crack sliding / ddg 

s steel strain 

 integration variable for the residual tensile stresses  

 integration variable for the aggregate interlock stresses 

ρ reinforcement ratio of tension reinforcement 

agg aggregate interlock normal stress 

res residual tensile stress 

agg aggregate interlock shear stress 

 rotation of the critical shear crack 

6.10.2 Appendix B. Database 

Test series considered in this study and comparison with the proposed expressions: Eq. (6.5)+ Eq. (6.33). 

Researchers 
No. of 

specimens 
fc [MPa] b [mm] d [mm] a/d [-] ρ [%] 

Vexp/Vcalc 

(COV) 
Adebar et al. [34] 5 49.3 to 58.9 290 to 360 178 to 278 2.92 to 4.56 0.99 to 3.04 0.84 (0.068) 
Ahmad et al. [35] 17 63.4 to 68.7 127 184 to 208 2.70 to 4.00 1.77 to 6.64 1.03 (0.210) 
Ahmad et al. [36] 3 43.6 to 80.8 102 178 3.70 1.40  0.95 (0.070) 

Angelakos et al. [31] 7 21 to 80 300 895 to 925 2.88 to 2.97 0.50 to 2.09 0.96 (0.146) 
Aster et al. [37] 5 24.6 to 30.4 1000 250 to 750 3.65 to 3.68 0.42 to 0.91 1.01 (0.072) 
Lubell et al. [38] 11 37.1 to 64.6 250 to 3005 306 to 916 2.87 to 3.27 0.76 to 0.93 1.12 (0.089) 
Bernander [39] 6 27.6 to 29.1 100 168 4.17 0.97 to 1.17 1.07 (0.062) 
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Bhal [30] 8 23.2 to 29.6 240 300 to 1200 2.94 0.63 to 1.26 1.03 (0.114) 
Bresler et al. [40] 3 22.6 to 37.6 305 to 310 461 to 466 3.80 to 6.77 1.81 to 2.73 1.24 (0.046) 
Cladera et al. [41] 6 49.9 to 87 200 360 2.90 2.23 1.00 (0.135) 

Cao [42] 2 27.5 to 30.1 300 1845 to 1925 2.77 to 2.89 0.36 to 1.52 1.23 (0.042) 
Cederwall et al. [43] 1 29.3 135 234 3.42 1.07 1.24 (-) 

Chana [44] 23 20.8 to 38.9 60 to 203 106 to 356  3.00 1.74 to 1.78 1.02 (0.073) 
Chang et al. [45] 15 17.7 to 38.6  102 137 2.60 to 4.09 1.86 to 2.89 0.91 (0.115) 
Collins et al. [23] 7 36 to 98 300 925  2.88 1.01 1.07 (0.156) 

Diaz de Cossio et al. [46] 5 19.5 to 31.5 152 254 3.30 to 5.30 0.98 to 3.33 0.99 (0.061) 
Thorenfeldt et al. [47] 14 54 to 97.7 150 to 300 207 to 442 3.00 to 4.00 1.82 to 3.24 1.15 (0.119) 

Elzanaty et al. [48] 11 20.7 to 79.3 177.8 267 to 273 4.00 to 6.00 0.93 to 3.21 0.88 (0.060) 
Feldman et al. [49] 8 21.5 to 36.7 152 252 2.87 to 6.04 3.35  1.11 (0.141) 

Ferguson [50] 1 29.3 101 189 3.23 2.08 0.82 (-) 
Ghannoum [51] 22 34.2 to 58.6 400 65 to 889 2.50 1.15 to 2.00 0.98 (0.110) 

Grimm [52] 11 90.1 to 110.9 300 146 to 746 3.53 to 3.90 0.83 to 4.22 1.00 (0.130) 
Hallgreen [53] 23 31.1 to 92.4 150 to 337 191 to 211 2.61 to 3.66 0.57 to 4.11 1.21 (0.084) 
Hamadi [54] 4 21.0 to 30.4 100 370 to 372 3.37 to 5.90 1.08 to 1.79 1.17 (0.082) 
Hanson [55] 4 20.9 to 31.0 152 267 4.95 1.25 to 3.50 0.97 (0.073) 

Hedman et al. [56] 4 19.9 to 29.5 152 267 4.95 1.25 to 2.22 1.03 (0.051) 
Islam et al. [57] 5 26.6 to 83.3  150  203 to 207 3.86 to 3.94  2.03 to 3.22 1.02 (0.105) 

Johnson et al. [58] 1 55.9 305 539 3.10 2.49 0.82 (-) 
Kani [59] 37 24.8 to 30.8 150 to 612 132 to 1097 2.50 to 8.03 2.59 to 2.87 1.02 (0.106) 

Kani et al. [29] 52 15.4 to 36.7 149 to 157 264 to 287 2.50 to 5.97 0.49 to 2.83 0.95 (0.108) 
Kawano et al. [60] 8 20.6 to 27.3 105 to 600 300 to 2000 3.00 1.18 to 1.37 1.06 (0.099) 

Kim et al. [61] 18 52 170 to 300 142 to 915 3.00 to 6.00 1.01 to 4.68 0.94 (0.087) 
Krefeld et al. [62] 50 12.9 to 39.0 152 to 254 238 to 483 2.67 to 8.10 0.80 to 4.92 0.95 (0.092) 

Küng [63] 7 18.4 to 21.7 140  200 2.50 0.36 to 1.82 1.20 (0.154) 
Kuhlmann et al. [64] 2 49.6 402 250 2.86 to 4.86 1.56  1.23 (0.121) 
Kuhlmann et al. [65] 4 43.4 to 47.6 400 250 2.86 to 4.86 1.57 to 1.92 1.05 (0.033) 
Kulkarni et al. [66] 4 40.6 to 43.6 102 152 3.50 to 5.00 1.38 1.04 (0.053) 

Laupa et al. [67] 6 14.8 to 32.3 152 262 to 269 4.82 to 4.95 1.91 to 3.97 0.89 (0.062) 
Leonhardt et al. [28] 26 13.3 to 38.3 50 to 500  70 to 600 2.78 to 5.91 1.33 to 2.40 1.01 (0.113) 

Marti et al. [68] 2 29.3 to 29.5 400 167  3.83 1.38 to 1.84 1.18 (0.029) 
Mathey et al. [69] 9 23.5 to 30.6 203  403 2.84 to 3.78 0.47 to 2.54 0.93 (0.085) 
Moody et al. [70] 23 15.4 to 41.2 152 to 178 262 to 272 2.85 to 3.41 1.60 to 2.37 0.95 (0.078) 
Morrow et al. [71] 12 14.7 to 45.7 305 to 308  356 to 375 3.00 to 8.10 1.27 to 3.91 1.00 (0.045) 

Mphonde et al. [72] 9 21.3 to 96.1 152.4 298 3.49  2.33 to 3.34 1.07 (0.043) 
Niwa et al. [73] 3 24.6 to 27.1  300 to 600 1000 to 2000 2.98 0.14 to 0.28 1.25 (0.135) 
Podgomiak [74] 8 37 to 99 300 225 to 925 2.88 to 2.97 0.51 to 3.14 0.98 (0.101) 

Rajagopalan et al. [75] 10 23.7 to 36.6 151 to 154 259 to 268 3.83 to 4.27 0.25 to 1.73 0.99 (0.170) 
Regan [76] 5 24.5 to 29.9 152 272 3.27  1.46 1.06 (0.076) 

Rehm et al. [77] 1 23.7 900 313 3.19 1.21 1.18 (-) 
Reineck et al. [78] 3 24.6 to 25.8 500 225 to 226 2.50 to 3.50 0.79 to 1.39 1.02 (0.032) 

Remmel [79] 4 84.5 to 85.1 150 160 to 165 3.06 to 4.00 1.87 to 4.09 0.97 (0.053) 
Rüsch et al. [80] 3 23 to 24.2 90 to 180  111 to 262 3.60 zo 3.62 2.64 to 2.65 0.87 (0.014) 

Salandra et al. [81] 4 53 to 70.1 102 171 2.59 to 3.63 1.45 0.83 (0.127) 
Scholz [82] 7 80.6 to 96.8 200 362 to 372 3.00 to 4.00 0.81 to 3.36 1.01 (0.132) 
Taylor [83] 6 27.8 to 33.2 203  370 3.02 to 3.50  1.03 to 1.55 1.09 (0.104) 
Taylor [84] 5 22 to 28.7 200 to 400 465 to 930 3.01  1.35 1.12 (0.090) 

Walraven [85] 3 24.1 to 24.4 200  125 to 720 3.00 0.74 to 0.83 1.07 (0.077) 
Xie et al. [86] 2 38.5 to 100.9 127 216 2.93 2.08 0.83 (0.022) 

Yoon et al. [87] 3 36 to 87 375 655 3.23 2.88 0.83 (0.052) 
Yoshida [88] 1 33.6 300 1890 2.82 0.74 0.95 (-) 
Lubell [89] 7 36.9 to 41 249 to 1170 287 to 538 2.91 to 3.57 0.33 to 1.73 1.19 (0.079) 

Sherwood [32] 21 28.1 to 77.3 122 to 300 280 to 1450  2.77 to 2.87 0.25 to 0.83 1.11 (0.111) 
Thiele [90] 5 24.6 to 42.5 400 167 to 297 3.47 to 4.97 0.93 to 2.41 1.05 (0.092) 

Winkler [91] 5 35.1 150 to 450 200 to 900 3.91 to 3.94 1.18 to 1.20 1.09 (0.067) 
Rosenbusch [92] 2 43.4 200 260 3.37 0.65 to 3.55 0.98 (0.077) 

Tureyen et al. [93] 3 40.9 to 43.7 457 360 3.38 0.36 to 1.92 1.07 (0.121) 
Bentz et al. [94] 9 34.3 to 36.1 101 to 106 84 to 333 2.80 to 2.94 1.55 to 1.63 1.05 (0.091) 
Sneed et al. [95] 8 64.8 to 74.8 203 to 613 233 to 822 2.87 to 2.92 1.20 to 1.60 0.79 (0.290) 

Cavagnis et al. [11] 6 32.6 to 35.6 250 556 to 559 2.52 to 6.92 0.54 to 0.89 1.04 (0.078) 
 635      1.01 (0.136) 
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 A closed-form equation for shear 
design of slender beams without transverse 
reinforcement 

In this Chapter, the main assumptions of the refined theoretical approach presented in Chapter 6 are revised. Then, 
the mechanical model is extended and applied to members subjected to different boundary conditions. By applying the 
mechanical model to slender members subjected to different loading and support conditions, it can be observed that the failure 
criteria obtained by integration of stresses at the crack surface can be approximated by power-law equations. These power law 
failure criteria, in combination with the load-deformation relationship, allow deriving a closed-form equation. The latter is 
validated against available test data. 

The derivation of a closed-form equation, on the basis of an improved failure criterion of the Critical Shear Crack Theory 
(proposed according to the results of Chapter 6), has been recently published in a paper for a new fib bulletin: 

Muttoni, A., Fernández Ruiz M., and Cavagnis F. (2016). Shear in members without transverse reinforcement: from 
detailed test observations to a mechanical model and simple expressions for codes of practice, fib International Workshop 
on Beam Shear, Zurich, Switzerland. 

This closed-form equation has been proposed by Professor A. Muttoni and Dr. M. Fernández Ruiz for the new generation of 
Eurocode 2. 

The closed-form equation derived in this Chapter presents some differences with respect to the closed-form equation of the 
proposal for the new Eurocode 2 and it is a more general formulation, being based on the mechanical model presented in this 
thesis. 

7.1 Introduction 

As shown in Chapter 2, shear design of one-way slabs and beams without shear reinforcement can be performed using different 
approaches. One physical model that accounts for all the shear-transfer actions is the Critical Shear Crack Theory (CSCT) [1, 
2]. The CSCT is based on the assumption that the shear strength in members without transverse reinforcement is governed by 
the opening and roughness of the critical shear crack [1]. For the calculation of the shear strength of beams and one-way slabs 
without transverse reinforcement, Muttoni et al. [1] proposed a single hyperbolic failure criterion (see Figure 7.1):  

dg

c

c

d

dfdb

V



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 
1201

31
 

(7.1) 

where fc is the cylinder compressive strength of concrete, d is the effective depth, ddg refers to the roughness of the critical shear 

crack (for normal strength concrete, it is equal to dg+16 mm, where dg is the maximum aggregate size) and  is a reference 
strain. Fernández Ruiz et al. [2], by means of an analytical integration of stresses at the critical crack surface, showed that the 
failure criterion of the CSCT reproduces the shape and parameters observed for the activation of all shear-transfer actions, thus 
validating the main hypotheses of the CSCT.  
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Figure 7.1 Failure criterion of the Critical Shear Crack Theory (CSCT) (refer to Muttoni et al. [1]) 

Following a similar approach to that of Fernández Ruiz et al. [2], assuming a realistic shape and kinematics of the critical shear 
crack (based on test measurements) and by integrating fundamental constitutive laws for cracked concrete in Mode I (residual 
tensile strength of concrete) and Mode I-II (aggregate interlock), for uncracked concrete (compression zone) and for the 
dowelling action, the contributions of the various shear-carrying mechanisms have been quantified and a shear strength criterion 
has been obtained summing the various contributions (refer to [3]). The calculation of the shear capacity can be thus performed 
iteratively, by intersecting the shear strength criterion and a load-deformation relationship. However, for practical purposes, 
the calculation of the failure criterion by means of integration of stresses at the crack surface is not convenient. Therefore, the 
possibility to derive a closed-form equation, on the basis of the results of the refined procedure, is shown. 

In this Chapter, first the main assumptions of the mechanical model based on the integration of stresses along the critical shear 
crack are reviewed, illustrating the ability of the mechanical approach to account in a constituent manner the phenomena 
governing the shear capacity (Section 7.2). Then, on the basis of the mechanical model, a closed-form equation is derived 
(Section 7.3). The latter is shown to be simple, but capable of describing the role of the main mechanical parameters governing 
the shear strength (Section 7.4). Then, the mechanical model and the closed-form expression are validated for simply supported 
beams subjected to point loading without and with axial forces (Sections 7.4 and 7.5.1), simply supported beams subjected to 
distributed loading (Section 7.5.2), cantilevers and continuous beams subjected to distributed loading (Sections 7.5.3 and 7.5.4). 
Finally, the results of the mechanical model and the closed-form equation are compared to actual tests, showing the accuracy 
of the presented approaches (Sections 7.6 and 7.7).  

7.2 Review of the mechanical model based on the development of the critical 
shear crack 

In the following, the main assumptions and equations of the mechanical model originally introduced in [3], are briefly revised. 

7.2.1 Failure criterion 

Experimental evidences have shown that the critical shear crack originates from a quasi-vertical bending crack, which extends 
up to the neutral axis, followed by the development of a quasi-horizontal branch within the compression zone (Figure 7.2a, 
[4]). The critical shear crack can thus be idealized by a bilinear segment (segment A-B and segment B-F, refer to Figure 7.2b) 
representing the previous parts experimentally observed. The angle of segment A-B has been measured to be related to the 
moment-to-shear ratio aA and it can be approximated by the following analytical equation (according to [5]):  
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where A=MA/(VA∙d), MA and VA refer respectively to the acting bending moment and shear force at the section at which the 
crack intercepts the longitudinal reinforcement and d is the effective depth of the member.  
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Figure 7.2 (a) Critical crack shape experimentally measured at peak load (specimen SC61, [4]); (b) kinematics and shape of the adopted 
critical shear crack; (c) equilibrium of the rigid body and internal forces 

Segment A-B can be assumed to develop up to the neutral axis (dB=d-c), in agreement with the experimental observations 
(Figure 7.2a), where c is the depth of the compression zone, calculated assuming a linear response of concrete in compression 
and neglecting concrete in tension. Segment B-F was observed to develop at a load level lower than the peak load. Its angle 

BF and its length lF can be respectively assumed to be equal to /8 and to 1/6d, although a non-negligible scatter in the 
experimental tests has been observed [4]. With respect to the crack kinematics, detailed measurements allowed determining 

the sliding  and the opening w between the lips of the crack at each point along the crack surface [4] and the location of the 
centre of rotation (which can be reasonably assumed to correspond to the tip of the critical shear crack, in agreement with [2]).  

On the basis of the assumed shape and kinematics, using some suitable constitutive models for uncracked and cracked concrete 
and steel, the contribution of the various shear transfer actions can be calculated by integration of stresses throughout the crack 
surface and in the compression zone above the tip of the critical shear crack. A detailed description of the constitutive laws 
adopted for the various shear-transfer action can be found in [3]. Finally, the total shear strength can be obtained by vertical 
equilibrium of the rigid-body shown in Figure 7.2c [3]: 
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where VRes, VAgg, VDowel and VCompr are respectively the contribution of the residual tensile strength of concrete, the aggregate 
interlock, the dowelling action and the compression zone, hF is the thickness of the compression zone above the tip of the 
critical shear crack (hF = d - dF) and rF is the horizontal distance between the tip of the critical shear crack and the axis of load 
introduction (refer to Figure 7.2b).  

7.2.2 Load-deformation relationship 

As previously stated, the calculation of the shear strength requires defining a law that describes the load-deformation (load-
crack crack opening) relationship during loading and at failure load. According to Muttoni et al. [1] a linear relationship between 
the acting bending moment and the strain at the level of the longitudinal reinforcement can be assumed: 
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E
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where ME refers to the bending moment at the control section, As to the reinforcement area, Es to its elastic modulus and z to 
the inner level arm.  

Following the experimental observations presented in [4, 5], it can be stated that the reinforcement strains s are proportional 
to the acting bending moment at the section corresponding to the tip of the critical shear crack xF (MF), yielding ME=MF (xF 
will be referred hereafter as control section). For instance, for simply supported members subjected to point load, MF=VF∙aF, 
where VF (=VE) is the acting shear force and aF (=acs) is the moment-to-shear ratio (or shear span) at the control section xF (see 
Figure 7.2b). Eq. (7.4) thus results: 
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Experimental measurements have shown that all cracks developing within a region of length lB (Figure 7.2a) contribute to the 
opening of the critical shear crack and the sum of all cracks within this tributary length yields an almost linear horizontal profile 
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[5]. This tributary length has been observed to vary during loading and to be fairly constant at peak load and it can be 
approximated by: 

cdlB   (7.6) 

According to the experimental measurements, the horizontal crack opening at the level of the reinforcement bars is proportional 
to the acting bending moment at section xF and can therefore be assumed equal to the product of the tributary length lB times 
the strains at the reinforcement level: 
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7.2.3 Evaluation of the shear capacity 

Calculating the shear strength requires an iterative procedure that can be summarized in the following steps: (i) choose a 
location of the critical shear crack xA; (ii) assume an initial horizontal opening uA; (iii) calculate the contribution of the various 
shear-transfer actions and the shear strength as the sum of the shear carried by the various shear-carrying mechanisms (Eq. 
(7.3)); (iv) check that the shear force (defined in the load-deformation relationship) is equal or smaller than the shear capacity. 

This approach is qualitatively shown in Figure 7.3a: when the shear force (defined by the load-deformation relationship) equals 
the shear capacity (defined by the failure criterion), failure occurs (intersection between Eq. (7.3) and Eq. (7.7)). In Figure 7.3a 
the failure criterion and the load-crack opening relationship are normalized to account for the width b, the effective depth d, 

the compressive strength fc and are expressed in terms of s∙d/ddg. This iterative procedure can be applied for any possible 
location of the critical shear crack and it allows determining the shear capacity, the deformation capacity, the role of the various 
shear-transfer actions and the theoretical governing location of the critical shear crack (the location where the shear capacity 
reaches its minimum value). 
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Figure 7.3 (a) Failure criterion and load-deformation relationship; (b) comparison of the shear-transfer actions calculated according to the 
mechanical model (II) with the ones calculated accounting for the shape and kinematics experimentally measured (I); (c) failure envelopes 
(Eq. (7.3)) for reinforced concrete beams subjected to point loading as a function of the reinforcement strains (results for specimens with 
compressive strength fc 20-100 MPa, aggregate size dg 8-32 mm, flexural reinforcement ratio  0.5-3%, effective depth d 200-2000 mm, 

shear slenderness ratio a/d 3-8, assuming xA=0.5a) and power-law failure criterion (Eq. (7.8)) 

Table 7.1 Comparison of calculated and experimental shear strengths and crack opening  

Test 
fc 

[MPa] 
a 

[mm] 
d 

[mm] 
ρ 

[%]
A 
[-] 

uA,mes 

[mm] 
uA,calc 

[mm] 
uA,mes/uA,calc 

[-] cfdb

Vexp



[√MPa] 
cfdb

V xA,calc



[√MPa] 

Vexp/Vcalc,xA 
[-] 

SC70 33.3 3'850 556 0.886 4.87 1.09 0.94 1.16 0.142 0.120 1.18 
SC69 32.9 3'150 556 0.886 1.76 0.53 0.45 1.18 0.134 0.132 1.01 
SC61 35.3 2'450 556 0.886 1.30 0.34 0.39 0.87 0.125 0.136 0.92 
SC64 35.6 1'750 556 0.886 1.17 (0.16)I 0.37 0.43 0.131 0.140 0.93 
SC68 32.6 1'400 556 0.886 1.00 0.43 0.35 1.23 0.156 0.148 1.05 
SC65 35.5 1'750 559 0.544 1.47 0.70 0.61 1.15 0.123 0.114 1.08 

I Failure driven by the development of a localized aggregate interlocking crack (crack type E’, refer to [5]) 

In Figure 7.3b the shear capacity and the contribution of the various shear transfer actions at failure load obtained by applying 
Eq. (7.3) and Eq. (7.7) (II in Figure 7.3b) are compared to the ones calculated using the kinematics and shape of the critical 
shear crack experimentally measured (I in Figure 7.3b, refer to Chapter 5). For these cases, the refined procedure is applied at 
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the experimentally measured location of the critical shear crack (xA). In Figure 7.3b and in Table 7.1, it can be observed that 
the refined approach allows estimating the relative significance of the various shear-transfer actions, the shear resistance and 
the horizontal crack opening at failure load. However, it can be noted that, for some cases, although the shear capacity is 
correctly predicted, the calculated crack opening is slightly lower than the measured one: this result is due to the assumed length 
of the quasi-horizontal branch (lF=d/6), which represents a lower-bound value of the length lF experimentally measured [4].  

With respect to the theoretical governing location of the critical shear crack, parametric analyses have shown that the shear 
capacity is almost constant for values of xA within the region 0.4a - 0.6a and at a distance between 1.5d and 2.25d from the axis 
of load introduction [3]. Assuming that the critical shear crack develops at xA=0.5a, it can be observed that shear failures occur 
in a narrow band (see Figure 7.3c) when extreme values of the various mechanical and geometrical parameters are assumed 

(aggregate size dg ranging 8 - 32 mm, compressive strength fc ranging 20 - 100 MPa, flexural reinforcement ratio  ranging 
from 0.5 - 3%, shear slenderness ratio a/d ranging 2.5 - 8 and effective depth d ranging from 200 to 2000 mm). Therefore, the 
failure band can be described by a failure criterion, whose shape can be approximated by a power-law expression: 
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where d is the effective depth, fc is the compressive strength of concrete, s is the reinforcement strain (refer to Eq. (7.5)), and 
ddg =16+dg accounts for the average roughness of the critical shear crack (with dg equal to the maximum aggregate size). A 
correction on the aggregate size equal to dg∙(60/fc)2 is introduced for high-strength concrete (in agreement to Collins et al. [6]) 
and ddg is limited to 40 mm (in agreement to Sherwood et al. [7]). According to the analyses in Figure 7.3c, a decay of the shear 
strength is observed for increasing openings of the critical shear crack, in agreement to the fundamental hypothesis of the 
CSCT. In addition, Figure 7.3c shows that different analytical expressions approximating the failure band can be selected and 
that, although a hyperbolic failure criterion reproduce the shape of the failure region, its accuracy can be enhanced with a 
power-law expression for low values of crack openings. 

The coefficient k depends on the main mechanical and geometrical parameters (reinforcement ratio , slenderness ratio a/d, 

compressive fc, effective depth d and shear slenderness ratio A). However, as shown in Figure 6.11, when the critical shear 
crack is assumed to develop at mid-span (xA=0.5a), its value may be eventually assumed constant and equal to 0.019 for 635 
beams (data from Reineck et al. [8] completed with the tests by Cavagnis et al. [5]). 

The power-law failure criterion, in combination the load-deformation relationship, allows a direct calculation of the shear 
strength without the need of performing a full integration of the various shear-transfer actions throughout the critical shear 
crack surface: this can be done iteratively by intersecting the load-deformation relationship (Eq. (7.5)) and the power law failure 
criterion (Eq. (7.8)). 

7.3 Development of a closed-form equation based on the mechanical model 

Although the use of Eq. (7.5) and Eq. (7.8) is quite straightforward and simple, the calculation of the shear capacity requires 
still an iterative procedure.  

In the following, it is shown that combining the power-law failure criterion with the load-deformation relationship, a closed-
form equation can be obtained. By introducing the value of the reinforcement strain of Eq. (7.5) into Eq. (7.8), and assuming 
that at failure the acting shear force is equal to the shear capacity (VE=Vc), the shear strength results: 
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which leads to: 
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where acs is the moment-to-shear ratio ME/VE at the control section, which for simply supported members corresponds to the 
distance xF from the end support (refer to Figure 7.2b). This expression can be written for steel reinforcement bars (Es = 200’000 
MPa), assuming z=0.9d, in the following manner: 
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where =k2/3∙(0.9∙2000)1/3. According to Eq. (7.11), the shear strength depends on the control section shear span acs, the concrete 

type (aggregate size dg), the concrete strength fc, the flexural reinforcement ratio  and the coefficient . The coefficient  can 
be directly obtained from the mechanical model by equating Eq. (7.11) and Eq. (7.3): 
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With respect to kc, rF is the distance between the control section and the axis of load introduction (for simply supported beams 
subjected to point loading rF=a-xF, where a is the shear span of the member), and hF is the vertical distance between the tip of 
the critical shear crack and the top compression fibre (refer to Figure 7.2b). On the basis of the refined approach, hF varies 

between 0.2d (for reinforcement ratio  lower than 1%) and 0.4d (for reinforcement ratio  larger than 3%) and it can be 
reasonably assumed, in the following, equal to 0.3d.  

The coefficient ka (see Figure 7.4) can be calculated according to Eq. (7.12) for each possible critical shear crack developing 
within the shear span a. In particular, the contribution of residual tensile strength of concrete (VRes) and aggregate interlock 
(VAgg) can be obtained by integration of stresses at the crack surface, adopting the constitutive laws presented in [3]. With 
respect to the dowelling action (VDowel), its contribution can be expressed in a general manner as [9]: 

  bbctbDowel ddnbnfkV 2  (7.13) 

where kb is a strength reduction factor, b is the width of the section, n is the number of bars and db is the diameter of the 
reinforcing bars. In the following analyses in order to facilitate comparisons between specimens with different geometrical and 
mechanical properties, the bar spacing will be assumed equal to 3db. Based on this assumption, the dowel capacity results: 

dbfkV ctbDowel  5  (7.14) 

where kb is defined as in [3]: 
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It shall be noted that Eq. (7.14) provides a lower bound solution for the dowelling action, since the spacing between flexural 
bars is normally higher (≈ 5db). 

The value of ka is shown in Figure 7.4a-d for each possible control section shear span acs for some simply supported beams 
subjected to point load, varying the main mechanical (compressive strength of concrete fc (Figure 7.4a) and flexural 

reinforcement ratio  (Figure 7.4b)) and geometrical parameters (effective depth d (Figure 7.4c) and shear slenderness ratio 
a/d (Figure 7.4d)). It can be noted that an increase of the control section shear span acs leads to an increase of ka, and almost all 
the other geometrical and mechanical parameters have a negligible influence on its value. ka can be thus approximated by the 
following analytical equation: 

312050 csa ..k   (7.16) 

where cs (=acs/d) is the shear slenderness ratio at the control section xF. Note that Eq. (7.16) slightly overestimates the 
calculated value of ka for acs/d lower than 1.5 and underestimates its value of acs/d larger than 5 (see Figure 7.4a). However, 
with the purpose of describing ka in a simple way, Eq. (7.16) is assumed in the following. 
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Figure 7.4 Coefficient ka: (a) influence of the compressive strength fc; (b) reinforcement ratio ; (c) effective depth d; (d) slenderness ratio 
a/d. (e) ka calculated assuming a fixed angle  (for instance equal to /3) for each possible location of the critical shear crack 

It shall be noted that in the analyses shown in Figure 7.4a-d, the various shear-transfer actions (VRes, VAgg and VDowel), and thus 
the values of ka, are calculated for each possible location of the critical shear crack xA, following the main steps of the 

mechanical model presented in [3], thus assuming the angle AB as defined in Eq. (7.2). In Figure 7.4e, the same analyses are 

performed for members with different shear span-to-effective depth ratio a/d, assuming a constant angle ABfor instance equal 

to/3 for each possible location of the critical shear crack): it can be noted that whether the angle AB is assumed constant, the 
trend of ka with respect to the control section shear span acs cannot be observed. On this basis, it can be stated that the coefficient 

ka accounts for the influence of the angle AB of the critical shear crack on the contribution of the various shear-transfer actions. 

By substituting Eq. (7.16) into Eq. (7.12) and assuming hF equal to 0.3d, as previously stated, the value of  results: 
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It can be noted that, if the critical shear crack is assumed to develop at xA=0.5a (in agreement to Cavagnis et al. [3]), its tip is 

located approximately at d.xx AF 50 , leading to d.a.acs 5050  . The calculated value of  according to Eq. (7.17) for 

635 rectangular concrete beams without shear reinforcement (database from Reineck et al.[8], completed with the tests by 

Cavagnis et al. [5]), assuming acs=0.5a+0.5d is on average equal to 0.87. The almost constant value of is consistent with the 
previous observations on the coefficient k in the power-law failure criterion (Eq. (7.8)), which can be assumed constant for 
simply supported beams subjected to point load, despite the scattered values of the main mechanical and geometrical parameters 
in the database. 

Finally, by introducing Eq. (7.17) into Eq. (7.11), the closed-form equation can be written in the following manner: 
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where Vc is the shear capacity at the control section xF, acs is the moment-to-shear ratio at the control section xF and kc and ka 
are defined in Eq. (7.17). Eq. (7.18) is a general formulation that allows evaluating the shear capacity in a compact manner 

without the need of an iterative procedure. In addition, it accounts intrinsically, through the coefficient , for the different 
failure criteria obtained by integration of the shear-transfer actions at the different potential location of the critical shear crack.  

7.4 Discussion on the closed-form equation for simply supported member 
subjected to point loading 

Figure 7.5 illustrates a comparison between the shear capacity calculated according to the general procedure (Eq. (7.3) + Eq. 
(7.7), continuous lines) and according to the closed-form equation (Eq. (7.18), dashed lines) for different simply supported 

members subjected to point loading, varying the slenderness ratio a/d, the reinforcement ratio, the effective depth d and the 
compressive strength of concrete fc. Figure 7.5a shows the shear capacity and the contribution of the different shear-transfer 
actions, for each potential control section xF, for a selected simply supported beam subjected to point loading (a/d=5, d=500 

mm, =1.00%, fc=30 MPa, dg=16 mm). It is interesting to note that the closed-form equation provides almost identical results 
to the more refined calculation based on the integration of stresses along the critical shear crack surface (Eq. (7.3) + Eq. (7.7)), 
and it is able to capture in a simple manner the role of the various shear-transfer actions.  



7. A CLOSED-FORM EQUATION FOR SHEAR DESIGN OF SLENDER BEAMS WITHOUT TRANSVERSE REINFORCEMENT 

124 

fc = 30 MPa d = 0.50 mb = 0.25 mdg = 16 mm ρ = 1.0%a/d = 5

0

0.05

0.10

0.20

0.25

0.15

bd
√

f c

V c
[√

M
P

a

[

0.2 0.4 0.6 0.8 10 xF [-]a

(a)

a/d = 7
a/d = 5
a/d = 3

0 0.5 1 1.5 2rF
d [-]

2.5 3

(b) (c)

Eq. (7.3) + (7.7)
Eq. (7.18) 

0.2 0.4 0.6 0.8 10 xF [-]a

a/d = 7
a/d = 5
a/d = 3

VCompr

VAgg

VRes
VDowel

Eq. (7.3) + (7.7)
Eq. (7.18) 

ρ = 0.5%
ρ = 1.0%
ρ = 2.0% d = 1.00 m

d = 0.50 m
d = 0.25 m

d = 2.00 m
0

0.05

0.10

0.20

0.25

0.15

bd
√

f c

V c
[√

M
P

a

[

(d) (e) (f)

fc =30 MPa
fc =50 MPa
fc =70 MPa
fc =90 MPaρ = 3.0%

0 0.5 1 1.5 2rF
d [-]

2.5 30 0.5 1 1.5 2rF
d [-]

2.5 3 0 0.5 1 1.5 2rF
d [-]

2.5 3

 

Figure 7.5 Normalized shear strength as a function of the position of the critical shear crack: (a) contribution of the shear-transfer actions for 
different section xF; (b-c) influence of the slenderness ratio a/d, (d) the reinforcement ratio , (e) the effective depth d and (f) the compressive 
strength fc on the theoretical governing location of the critical shear crack: comparison between the mechanical model (Eq. (7.3) + Eq. (7.7)) 

and the closed-form expression (Eq. (7.18)) 

Concerning the influence of the investigated parameters (Figure 7.5b-f), it can be observed that the closed-form equation 
slightly overestimates the shear capacity, compared to the one calculated using the refined approach (Eq. (7.3) and Eq. (7.7)), 
for beams with a shear-slenderness ratio a/d lower than 3 (refer to Figure 7.5b and Figure 7.5c). On the contrary, it 

underestimates the shear strength for members with a shear span larger than 7d and with a reinforcement ratio  larger than 2% 
(refer to Figure 7.5b-d). These trends are a consequence of the previous assumptions (i) on the thickness of the compression 
zone hF (which is assumed constant and equal to 0.3d for all members, although its value shows a dependency on the depth of 

the compression zone c and on the reinforcement ratio ) and (ii) on the analytical equation that defines the coefficient ka (for 
a/d>6, Eq. (7.16) slightly underestimates the value of ka obtained by integration of the different shear-transfer actions, refer to 
Eq. (7.12) and Figure 7.4d). 

Eq. (7.18) allows also investigating the theoretical governing location of the critical shear crack. In Figure 7.5b-f it can be noted 
that the curves representing the shear strength are very flat around the minimum (black markers), which corresponds to values 
of rF between d and 2d from the axis of load introduction (Figure 7.5b) and of xF within the interval 0.5a and 0.75a (Figure 
7.5c). Adopting a fixed control section within this region is thus sufficient for calculating the shear strength. For design 
purposes, it is convenient to define the control section at a fixed distance from a static or geometric discontinuity, and therefore 
in agreement with the previous observations (refer to Figure 7.5), it is proposed to calculate the shear strength at a control 
section located at a distance d from the axis of load introduction (rF=d and xF=a-d).  

In Figure 7.6, the shear strengths calculated according to the original formulation of the CSCT assuming the control section at 
a-d/2 (red lines), the refined approach (Eq. (7.3) + Eq. (7.7)) assuming the critical shear crack developing at xA=0.5a (in 
agreement to [3], black lines), and the closed-form equation (Eq. (7.18)) assuming the control section xF=a-d (black dashed 
lines) are compared to the tests results of different experimental campaigns that investigate the influence of the shear span-to-

effective depth ratio a/d, the longitudinal reinforcement , the effective depth d, the compressive strength fc and the aggregate 
size dg. The comparison shows that the three approaches have similar trends and that the closed-form equation, despite its 
simplicity, yields good estimates of the shear capacity.  
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Figure 7.6 Comparison of CSCT [1], Eq. (7.3) + Eq. (7.7) and Eq. (7.18) for various test series varying the main mechanical and geometrical 
parameters: (a) tests by Cavagnis et al. [5]; (b) tests by Kani et al. [10]; (c) tests by Bhal [11]; (d) tests by Angelakos et al. [12]; (e) tests by 

Sherwood [13] 

7.5 Applications of the mechanical model and the closed-form equation to 
members subjected to different loading conditions 

The refined approach (Eq. (7.3) + Eq. (7.7)) and the closed-form equation (Eq. (7.18)) can be easily extended to general or 
more complex cases and different loading conditions, by accounting for the influence of the main mechanical parameters (e.g. 
control section shear span, reinforcement activation…) on the shear strength.  

In the following, applications to simply supported members subjected to axial forces, simply supported beams subjected to 
distributed loading, cantilever and continuous beams subjected to distributed loading will be presented. 

7.5.1 Applications to simply supported members subjected to point loading and axial forces 

It is generally recognized that the shear strength of reinforced concrete members without transverse reinforcement can be 
enhanced by the presence of axial compression forces. The presence of compressive normal forces has been experimentally 
observed to influence the crack pattern and the development of the critical shear crack, which propagates at a higher load level 
and at a lower angle than in similar members without axial compression [14]. On the contrary, when axial tension is applied, 
the shear strength is reduced. A typical crack pattern for members subjected to axial tension is characterized by very steep 
flexural cracks followed by the development of a quasi-horizontal branch [15]. 
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Figure 7.7 Equilibrium of internal forces and definition of aeff for a reinforced concrete beam without shear reinforcement subjected to axial 
compression forces or prestressing (compressive forces in blue and tensile forces in red) 

Fernández Ruiz et al. [16] observed that, in members subjected to axial compression, the amount and layout of axial 
compression may significantly shorten the effective shear span aeff, which is necessarily smaller than the geometric one. The 
physical meaning of the effective shear span aeff is described in Figure 7.7. The effective shear span for members subjected to 
axial compression (Figure 7.7a) shall be evaluated as follows: 
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where N is the normal force (N < 0 for compression), h is the height of the beam and c is the depth of the compression zone.  

For members subjected to axial tension, the amount of axial tension may increase the effective shear span aeff, which is proposed 
to be evaluated in agreement with [1] as: 
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where N is the normal force (N > 0 for tension). 

When effects of prestressing are considered as an external action (Figure 7.7b), Eq. (7.19) shall be replaced by: 
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where P refers to the prestressing force after losses (P > 0) and ep refers to the eccentricity of the tendons to the centroid of the 
cross-section (positive on the tension side). For prestressed members with tendons, the effective depth d and the reinforcement 

ratio shall be calculated as follows: 
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It is important to mention that only members with aeff/d ≥2.5 behave as slender beams and can be satisfactorily estimated by 
the theoretical approach presented in this study [1]. In Eq. (7.19), Eq. (7.20) and Eq. (7.21), h/2-c/3 and h/2-d’ can be eventually 
approximated to be equal to d/3. 
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In a general manner, it can be noted that when axial compression forces are applied, both aeff/d and AB decrease (AB is 
calculated according to Eq. (7.2), where aA is defined assuming the shear span equal to the effective shear span aeff): although 

a lower angle AB yields a reduction of the shear capacity, the latter increases since the decrease of aeff /d determines an increase 
of the shear strength which prevails on the global response. On the contrary, when axial tension forces are applied, both the 

effective shear span-to-effective depth ratio aeff /d and the angle AB increase (in agreement with the cracking patterns 

experimentally observed [15]) and the shear capacity decreases: despite a larger AB causes an increase of the shear capacity, 

the combined increase of aeff /d and AB determines a reduction of the shear strength. 

The closed-form equation can be applied to members subjected to axial compression or tension forces, by suitably evaluating 
the effective control section shear span acs,eff, which is directly derived from Eq. (7.19), Eq. (7.20) and Eq. (7.21). In the presence 
of normal forces the effective control section shear span acs,eff can be approximated to: 
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where N>0 refers to tension forces and acs is the moment-to-shear ratio at the control section xF. The control section xF can be 
assumed to be located at a distance d from the point of load introduction (in agreement with the case of simply supported beams 
subjected to point loading without axial forces, refer to Section 7.4), yielding acs,eff=aeff –d. 

When prestressing is considered as an internal action, Eq. (7.24) shall be replaced by: 
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It can be mentioned that when axial compression forces are applied, both acs,eff and ka (calculated according to Eq. (7.16), with 

cs=cs,eff) decrease and the shear capacity increases: although a smaller ka is associated to a decrease of the shear strength, the 
reduction of the effective control section shear span acs,eff yields an increase of the shear strength. On the contrary, when axial 
tension forces are applied, both acs,eff and ka increase and despite a higher ka yields an increase of the shear capacity, the latter 
decreases since the influence of acs,eff is predominant on the global response. 

Figure 7.8a and b illustrate a comparison of the calculated shear strength according to the original formulation of the CSCT 
(red lines), the refined approach (Eq. (7.3) + Eq. (7.7)) assuming the critical shear crack developing at xA=0.5aeff (in agreement 
to [3], black lines) and Eq. (7.18) (black dashed lines) assuming the control section located at xF=aeff-d against the test results 
by Madsen et al. [17] and Jørgensen et al. [15]. It can be observed that the three approaches have similar trends and correctly 
describe the influence of compressive and tensile stresses on the shear capacity. 
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Figure 7.8 Comparison of shear strength according to the CSCT [1], Eq. (7.3) + Eq. (7.7) and Eq. (7.18), assuming a=aeff and acs=ac,seff: (a) 
tests by Jørgensen et al. [15] (>0 tension) and (b) tests by Madsen et al. [17] ( <0 compression) 
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7.5.2 Applications to simply supported members subjected to distributed loading 

The shear behaviour of reinforced concrete beams without shear reinforcement subjected to uniformly distributed load has been 
investigated in several studies [18–20]. Experimental evidences have shown that the behaviour of beams with l/d > 10, whose 
failure is driven by the loss of the beam-shear transfer actions capacity, is different from that of beams with l/d < 10, whose 
failure occurs due to crushing of uncracked concrete above the tip of the critical crack [21]. Therefore, only members with 
l/d > 10 are considered in the present study.  

Following the same procedure described for simply supported beams subjected to point loading, the various shear-transfer 
actions can be calculated in order to satisfy the equilibrium of the rigid body shown in Figure 7.9: it can be noted that the 
bending moment and the shear force are both calculated at the section corresponding to the tip of the critical shear crack (xF).  
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Figure 7.9 Simply supported beam subjected to distributed loading: free-body equilibrium, internal forces and definition of rF 

With respect to the crack shape, the angle AB of segment A-B of the critical shear crack is defined according to Eq. (7.2), 

where A is equal to: 
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and rF can be assumed (refer to Figure 7.9): 
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The load-crack opening relationship shall be calculated as in Eq. (7.7), where: 
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and the failure load q by equilibrium of the rigid body is:  
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The location of the theoretical governing critical shear crack can be determined as the section where the shear capacity equals 
the value of the shear force. For these members, close to the support, the shear force is high and the bending moment is low, 
whereas close to the mid-span, the bending moment is maximal and the shear force is minimal. Therefore, the moment-to-shear 
ratio increases more rapidly than in the case of simply supported beams subjected to concentrated load. This fact indicates that 
the critical shear crack shall develop closer to the end support than in the case of beams subjected to point loading [1]. 

In Figure 7.10a, the contribution of the various shear-transfer actions are shown for a typical case (l/d =15,  =1.00%, fc=30 
MPa, d=500 mm, b=250 mm) at each possible location of the critical shear crack xF. The analyses show that the contribution 
of aggregate interlock is governing, whereas the contribution of the compression zone is almost negligible. It can be also 
observed that for cracks developing close to the support (low values of xF) the contribution of the residual tensile strength of 
concrete plays a more significant role than for cracks developing close to mid-span, where its contribution is reduced.  

The influence of the location of the critical section on the load capacity q is investigated in Figure 7.10b and c for members 
with different slenderness ratio l/d. It can be noted that the governing control section xF is located where the shear strength is 
tangent to the shear force, and it is approximately located at 0.1l from the support (Figure 7.10b). Moreover, the onset of the 
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critical crack xA can be observed to vary between 0.5d (for l/d<12) and 1.5d (for l/d>18), and the curves representing the load 
capacity are very flat around the minimum (black markers in Figure 7.10c). For these cases, adopting a fixed control section xA 
within this interval is sufficient for calculating the shear strength. To that aim, a value of xA=d is a reasonable assumption. 
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Figure 7.10 Simply supported beams subjected to distributed loading: (a) contribution of the shear-transfer actions for different section xF; 
(b-c) influence of the shear slenderness ratio l/d on the control section xF and on the onset of the critical shear crack xA according to the 

mechanical model (Eq. (7.3) + Eq. (7.7)) 
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Figure 7.11 (a) Failure envelopes for simply supported reinforced concrete beams subjected to distributed loading as a function of the 
reinforcement strains (results for specimens with compressive strength fc 20-100 MPa, aggregate size dg 8-32 mm, flexural reinforcement 
ratio  0.5-3%, effective depth d 200-2000 mm, shear slenderness ratio l/d 10-25, assuming xA=d) (b) calculated shear strengths (black 

points) of 63 rectangular simply supported beams subjected to distributed loading (l/d ≥ 10, see Appendix A) as a function of the 
reinforcement strains at the critical shear crack (xA=d) and power-law failure criterion (Eq. (7.8)) 

Assuming that the critical shear crack develops at xA=d, the failure criteria can be calculated by integration of stresses at the 
crack surface: it can be observed that shear failures occur in a narrow band (see Figure 7.11a) when extreme values of the 
various mechanical and geometrical parameters are assumed (aggregate size dg ranging 8-32 mm, compressive strength fc 

ranging 20-100 MPa, flexural reinforcement ratio  ranging 0.5-3%, shear slenderness ratio l/d ranging 10-25 and effective 
depth d ranging 200-2000 mm). By comparing Figure 7.3c and Figure 7.11a, it can be observed that the failure bands obtained 
for simply supported beams subjected to point and distributed loading are very similar but do not precisely coincide. Moreover, 

it can be noted that, for the same value of reinforcement strain (s∙d/ddg), the calculated shear capacity of simply supported 
beams subjected to distributed loading is lower than the calculated shear strength of simply supported beams subjected to point 
loading. These differences are due to the shape, to the theoretical governing location of the critical shear crack and to the 

different role of the various shear-transfer actions at failure: in particular, the critical values of acs and AB and the contribution 
of the compression zone are generally lower for simply supported beams subjected to distributed loading than for members 
subjected to point loading. 

In Figure 7.11b, the calculated shear capacity at the control section of 63 rectangular concrete beams subjected to distributed 
loading (see database in Table 7.6) is plotted against the normalized crack width parameters. The black points in Figure 7.11b 
represent the intersection between the failure criteria calculated according to Eq. (7.3), assuming the critical shear crack 
developing at xA=d, and the load–deformation relationship (Eq. (7.5)). In addition, the direction of the failure envelopes in the 
vicinity of the intersection is plotted (grey lines in Figure 7.11b). It is interesting to observe that shear failures occur in a narrow 
band, that can be approximated by a power law failure criterion (refer to Figure 7.3c). The coefficient k in the power-law 
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equation that fits the calculated shear strengths with the greatest accuracy is approximately equal to 0.016. Note that the 
coefficient k, obtained by fitting of the calculated shear strengths for simply supported beams subjected to point load, was equal 
to 0.019, underlining that shear failures cannot be described by a single failure criterion.  

The closed-form equation (Eq. (7.18)) can be also extended to calculate the shear capacity of simply supported members 
subjected to distributed loading, by defining rF according to Eq. (7.27). The shear capacity at the section xF results: 
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where acs is the moment-to-shear ratio at the control section xF: 
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Figure 7.12 shows a comparison of the load capacities q/b calculated by full integration of the shear-transfer actions at the crack 
surface (Eq. (7.28), Eq. (7.29) and Eq. (7.7), continuous lines) and by the closed-form equation (Eq. (7.30), dashed lines), as a 

function of the parameter xF/d. The influence of the slenderness ratio l/d (Figure 7.12a), the flexural reinforcement ratio 
(Figure 7.12b) and the effective depth d (Figure 7.12c) has been investigated. For these cases, a good agreement between the 
mechanical model and the closed-form equation can be observed. The closed-form equation allows investigating the theoretical 
governing location of the critical shear crack: in Figure 7.12 it can be noted that the curves representing the load capacity q/b 
are very flat around the minimum (black markers), which corresponds to values of xF between d and 1.75d. 
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Figure 7.12 Comparison between the calculated load capacities according to the mechanical model (Eq. (7.28), Eq. (7.29)+ Eq.(7.7), 
continuous lines) and the closed-form expression (Eq.(7.30), dashed lines) for each possible control section xF varying: (a) shear slenderness 

ratio l/d, (b) effective depth d and (c) reinforcement ratio  

The control section xF shall be assumed at a distance of approximately 1.5d from the end support, to be consistent with the 

mechanical model (as shown in [3], d.xx AF 50  leading to xF=1.5d). Assuming xF=1.5d, the calculated value of  for 63 

rectangular concrete beams listed in Table 7.6, varies between 0.76 and 0.81 with an average value for the investigated 
specimens of 0.79. Note that this value is lower than the one calculated for investigated beams subjected to point loading 

(=0.87, refer to Section 7.3). These results are consistent with the calculated values of k in the power law failure criteria 
(respectively 0.016 for simply supported beams subjected to distributed loading (Figure 7.11b) and 0.019 for simply supported 
beams subjected to point loading [3]). Based on these observations, it can be stated that the closed-form equation is a very 

general formulation that can be applied to members subjected to different loading conditions. In particular, the coefficient  
allows considering the role of the various shear-transfer actions and different governing shear-failure criteria in a very simple 
manner. 

With the purpose of maintaining the control section at the same fixed distance from a static or geometric discontinuity 
(consistently to the case of simply supported beams subjected to point loading), the control section xF in the closed-form 
approach can be eventually assumed to be located at a distance d from the end support (Figure 7.12 confirms the validity of 
this assumption for these cases, since the load capacity is almost constant for any control section xF within the interval d-1.75d). 
Figure 7.13 shows a comparison between the failure load calculated according to the original formulation of the CSCT 
(evaluating the shear capacity at d/2 and l/6 from the support and taking the failure load q as the minimum of the two calculated 
values, red lines), the refined approach Eq. (7.28), Eq. (7.29) and Eq. (7.7) (assuming that the critical shear crack develops at 
xA=d, black lines), and the closed-form equation Eq. (7.30) (assuming the control section xF=d, dashed lines) against the 
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experimental results of some test series. Within these experimental campaigns, the influence of slenderness ratio l/d, 

reinforcement ratio  and effective depth d was investigated. Figure 7.13 shows the ability of the refined approach and the 
closed-form formulation to correctly describe the effects of the above-mentioned parameters. The same trends are also captured 

by the CSCT, although the effect of the reinforcement ratio  is less pronounced and a lower increase of the load capacity in 
comparison with the experimental results is predicted (Figure 7.13b).  
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Figure 7.13 Comparison of the load strengths according to the CSCT [1], Eq. (7.28), Eq. (7.29) + Eq.(7.7) and Eq. (7.30) for various test 
series that investigate the following parameters: (a) slenderness ratio l/d (tests by Leonhardt et al. [18]), (b) reinforcement ratio  (tests by 

Krefeld et al. [19]) and (b) effective depth d (tests by Shioya et al. [22]) 

7.5.3 Applications to cantilevers subjected to distributed loading 

The behaviour of cantilevers subjected to distributed loading has been recently described by Pérez Caldentey et al. [23], who 
showed that the loads acting on the tension face in the vicinity of the reaction plate are directly strutted to the support, leading 
to an increase of the shear strength of these members with respect to cantilevers subjected to concentrated loading. According 
to Pérez Caldentey et al. [23], all loads between the support and the distance at which the critical shear crack intercepts the 
flexural reinforcement do not concur to the shear force that has to be carried by the critical shear crack, and can be thus 
neglected. A recent experimental investigation [4] showed that this distance can vary between d and 2.6d from the support but, 
despite a certain scatter, its value is larger for higher values of moment-to-shear ratio at the fixed support.  

The shear strength of these members can be calculated by integration of stresses at the crack surface, following the same 
procedure described for simply supported beams subjected to point load (Eq. (7.3) + Eq. (7.7)). The load capacity under this 
assumption is obtained by equilibrium of the rigid body shown in Figure 7.14a: it can be noted that the bending moment (MF 
in Eq. (7.7)) and the shear strength (Vc in Eq. (7.3)) are calculated respectively at the section corresponding to the tip (xF) and 
to the onset (xA) of the critical shear crack.  

rF

VAgg

VDowel

VRes

VCompr

q
x

y

rA

rF

Vc

q
x

y

xF-xAΔx

xA

xF

xF

(a)

(b)

Δxtot

l

l

 

Figure 7.14 Cantilever subjected to distributed loading: (a) rigid body equilibrium and internal forces; (b) definition of xtot  
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The shape and kinematics of the critical shear crack are defined in Section 7.2. The angle AB is defined according to Eq. (7.2), 

where A for a cantilever subjected to distributed load is equal to: 

d
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
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50
  (7.31) 

The load-crack opening relationship shall be calculated according to Eq. (7.7), where: 
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and the distributed load q shall be determined by equilibrium of the rigid body shown in Figure 7.14a: 
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It shall be noted that Eq. (7.32) is an approximation, as the contributions of all forces acting at the critical shear crack to the 
moment MF at a section located at the crack tip are neglected (in accordance to the case of simply supported beams subjected 
to point load). Moreover, the loads acting between the onset and the tip of the critical shear crack are accounted for in Eq. 
(7.32), although they are neglected in the equilibrium of the free-body shown in Figure 7.14a. Note that for slender cantilevers, 
detailed calculation accounting for all forces acting on the rigid body provides values of bending moment MF up to 5% lower.  

The presented procedure, however, underestimates the shear capacity of these members, since it does not take into account an 
increase of the dowel capacity, due to the confining action generated by the external loads applied on the tension side of the 
member (as observed in Chapter 5, the dowelling action in cantilevers subjected to distributed loading is larger than in members 
subjected to point loading). The distributed load q shall thus be calculated by equilibrium of the rigid body shown in Figure 
7.14a accounting for the maximum dowelling capacity (kb=1 in Eq. (7.14)). Note that the assumption of kb equal to 1 in Eq. 
(7.14) means that the explicit strain-dependency of the dowelling action is neglected for these cases. 

The theoretical governing location of the critical shear crack xA can be determined as the section where the shear capacity 
equals the value of the shear force. In Figure 7.15a, the shear capacity and the contribution of the various shear-transfer actions 

are shown for a typical case (l/d=7.5, d=500 mm, =1.00%, fc=30 MPa, dg=16 mm). It can be noted that the theoretical 
governing location of the critical shear crack xA is located where the shear strength curve is tangent to the shear force line. In 
Figure 7.15b and c the load capacity is plotted versus rA/d, showing that the theoretical governing critical shear crack develops 
at a distance between d and 1.5d from the support. In Figure 7.15b and c it can be noted that, for increasing values of the 

slenderness ratio l/d and the reinforcement ratio , the theoretical governing location shifts further from the fixed support. It 
can also be shown that all other mechanical parameters (effective depth d, compressive strength fc) have almost no influence 
on the theoretical governing position xA of the critical shear crack. Therefore, for these cases adopting a fixed critical shear 
crack developing at xA=l-d is a reasonable assumption. This approach allows quantifying the loads that do not cross the critical 
shear crack and do not concur to the shear force that has to be carried by the critical shear crack (which are equal to q∙rA).  
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Figure 7.15 Cantilevers subjected to distributed loading (a) contribution of the shear-transfer actions for different section xA according to the 
mechanical model (Eq. (7.32), Eq. (7.33) + Eq.(7.7)); (b) influence of the slenderness ratio l/d and (c) of the reinforcement ratio on the 

distance between the onset of the critical shear crack and the axis of the reaction plate (rA) according to the mechanical model 
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The closed-form expression (Eq. (7.18)) can also be applied to cantilevers subjected to distributed load. However, an important 
clarification is required. Although the moment to shear ratio acs is calculated at a control section xF, the calculated shear capacity 

refers to the strength at the section xFxtot= xAx (refer to Figure 7.14b). This can be physically justified by the following 
considerations: (i) although the control section shear span acs is calculated as the moment-to-shear ratio at the control section 
xF, the equilibrium of the rigid body shown in Figure 7.14a implies that the calculated shear capacity refers to the shear force 
at the section xA, and not at the control section xF. In fact, the critical shear crack intercepts the longitudinal reinforcement at 
xA and the load that equilibrates the vertical components of the various shear-transfer actions is equal to q∙xA. (ii) Moreover, it 
has to be underlined that Eq. (7.18) has been derived for simply supported members subjected to point or distributed load, in 
which the dowelling action follows a decay for increasing strains in the reinforcement bars (kb<1 in Eq. (7.14)). This is not the 
case for cantilevers subjected to distributed loading, where the loads acting on the tension side allow activating the full 

dowelling action (kb=1). Therefore, Eq. (7.18) shall be applied accounting for an additional reduction q∙x (Figure 7.14b). 

The value of q∙x (and thus of xtot=xFxA+x (refer to Figure 7.14b)) is unknown a priori and it can be calculated as the load 
that allows activating the full dowelling action, compensating the reduction of the effective tensile strength of concrete that 

would occur in the case of no distributed loads acting on the tension side. By defining kb as in Eq. (7.15), x results:  
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where q is the distributed load calculated applying the refined procedure (Eq. (7.32), Eq. (7.33) and Eq. (7.7)). In Figure 7.16a-

d, the calculated values of xtot/xF = (xFxA+x)/ xF are plotted as a function of rF/d for some cantilevers varying the main 
mechanical parameters. It can be observed that the compressive strength of concrete fc, the effective depth d, the reinforcement 

ratio , the slenderness ratio l/d and the position of the control section xF influence the ratio xtot/xF, which varies between 1/6 

and 1/4. The calculated values ofxtot/xF, shown in Figure 7.16a-d, may represent lower-bound solutions, for the following 

reasons: (i) x is calculated according to Eq. (7.14), which provides a lower-bound estimate of the dowelling action, due to the 
assumption of a spacing between the longitudinal bars equal to 3db; (ii) the rigid-body in Figure 7.14a does not account for a 
possible secondary flexural crack (crack type C, refer to [4]) that may merge with the primary flexural crack during loading, 
yielding a redistribution of the load-transfer mechanisms and an increase of the loads that are directly strutted to the support. 
A crack type C, in fact, generally develops at a distance from the critical shear crack equal to one-half the spacing between two 

primary flexural cracks and may lead to an increase of xtot of approximately 0.28d [4]. 
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Figure 7.16 (a-d) xtot/xF as a function of the main mechanical and geometrical parameters (compressive strength fc, effective depth d, 
reinforcement ratio , shear slenderness ratio l/d). Comparison between the calculated load capacities according to the mechanical model 

(Eq. (7.32), Eq. (7.33) + Eq.(7.7), continuous lines) and the closed-form expression (Eq.(7.18) with V=VF/5, dashed lines) for each potential 
control section xF varying: (e) slenderness ratio l/d, (f) effective depth d and (g) reinforcement ratio  
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Based on Figure 7.16a-d, xtot/xF can be assumed, without great loss of accuracy on the calculated shear strength, equal to 1/5 
for all cases. Therefore, it can be concluded that at failure the shear capacity Vc, calculated at the control section xF by using 

Eq. (7.18), refers to the shear force at the section xF-xtot (Figure 7.14b). In other words, at failure, the calculated shear capacity 

at the control section xF is equal to the shear force VF-V: 

FFc VVVV 
5

4  (7.35) 

where V (= VF/5) represents the loads that are not transferred through the critical shear crack, due to its shape, and has to be 
subtracted from the shear force at the control section. In other words, the calculated load capacity at the control section xF can 
be enhanced by 25%. In the following, for comparisons with test results or with the solutions of the refined approach, the load 
capacity will be calculated at the control section xF and it will be multiplied time 5/4 in agreement with Eq. (7.35).  

Figure 7.16e-g show, for some selected cantilevers, the load capacities q/b calculated by full integration of the various shear-
transfer actions at the failure surfaces (Eq. (7.32), Eq. (7.33) and Eq. (7.7), with kb=1, continuous lines) and by the closed-form 

equation with the assumption of V=VF/5 (Eq. (7.18), dashed lines), for each possible control section xF. The comparisons 
highlight that the two approaches provide consistent results. Nonetheless, the closed-form equation (with the assumption of a 

constant xtot equal to xF/5) estimates higher load capacities than the refined approach for low values of reinforcement 

ratioshear slenderness ratio l/d and effective depth d. Moreover, it can be noted that the minimum load capacity is attained, 
for almost all cantilevers, at values of rF equal to d, allowing defining a fixed control section located at xF=l-d for these cases. 

In Figure 7.17 the failure load of some tests detailed in Cavagnis et al. [5] (cantilevers subjected to distributed loading with 
different values of l/d) is compared to the load capacity calculated according to the original formulation of the CSCT (red line), 
to the refined mechanical model (Eq. (7.32), Eq. (7.33) and Eq. (7.7) adopting xA=l-d) and to the proposed closed-form equation 

(Eq. (7.18) with xF=l-d) with V=0 (black dotted line) and V=VF/5 (black dashed line). It can be observed that the approaches 
have similar trends and capture an increase in the load capacity for lower values of the shear slenderness ratio l/d. Moreover, it 

can be noted the closed-form equation, with the assumption of V=VF/5, and the refined approach give consistently good 
results. In addition, it can be observed that the CSCT is more conservative, since all loads acting at a distance larger than 0.5d 
from the fixed support participate without any reduction to the shear force carried by the critical shear crack.  A particular case 

in Figure 7.17 is represented by specimen SC58 (l/d ≈ 8, [5]): for this specimen, the closed-form equation with V=VF/5 and 
the refined approach provide a safe estimate of the load capacity. This can be explained by considering the crack pattern 
experimentally observed for this member: during loading, the critical shear crack developed in a stable manner close to the 
fixed support and it allowed activating the arching action and the plastic strength of the member was eventually reached. The 
additional load capacity of this member with respect to the calculated one is due to the shape and location of the critical shear 
crack experimentally observed, which is rather different from the one assumed in the mechanical model, and due to the 
development of a clear direct strut. Therefore, based on these observations, it can be stated that the closed-form expression with 

V=VF/5 and the refined approach allow a correct estimate of the load capacity for members whose critical shear crack is 
located such that an inclined direct strut, which may lead to an increase on the shear capacity of the member, does not develop. 
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Figure 7.17 Comparison of the load strengths according to the CSCT [1] (red continuous line), Eq. (7.32), Eq. (7.33) + Eq.(7.7) (black 
continuous line) and Eq. (7.18) with V=0 (black dotted line) and V=VF/5 (black dashed line) and the experimental results of cantilevers 

subjected to distributed (tests by Cavagnis et al. [5]) 
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7.5.4 Applications to continuous beams to distributed loading 

A continuous beam is characterized by a static system in which the bending moment varies its sign along the length of the 
member, therefore the critical crack can develop either within the region of negative or positive bending moment (see Figure 
7.18a and b). In the first case, the critical crack propagates from the side where the loads are applied (the top face of the beam 
in Figure 7.18a), and the failure mechanism resembles the one of a cantilever subjected to distributed load. Differently, in the 
second case, the critical crack progresses from the opposite side of the applied loads (the bottom face of the beam in Figure 
7.18b), reproducing the behaviour of a simply supported beam subjected to distributed loading. Whether failure occurs in one 
region or the other depends on the location of the point of contraflexure, therefore, a priori, both regions of positive and negative 
bending moment should be investigated. 

In Figure 7.18, the contribution of the various shear-transfer actions and the shear capacity of a continuous beam (l/d=10, d=500 

mm, =1.00%, fc=30 MPa, dg=16 mm, Mright/ql2=0.1) are calculated for each possible position of the critical shear crack. The 
region with negative bending moment (Figure 7.18a) is analysed following the procedure described for cantilevers (kb=1 in Eq. 
(7.14)), whereas the region with positive bending moment is studied as a simply supported beam of length lSS subjected to 
distributed loading (Figure 7.18b). 

The theoretical governing location of the critical crack corresponds to the section where the shear capacity equals the value of 
the shear force (squared markers in Figure 7.18c and d). The acting shear force at failure is defined by the tangent to the shear 
capacity at the control section. In Figure 7.18c and d it can be noted that at the right support a lower shear force (Vright), and 
therefore a lower load capacity, is obtained for the potential critical shear crack developing within the region of the negative 
bending moment. Therefore, for the selected specimen the critical shear crack is expected to develop within this region.  

 

Figure 7.18 (a-b) Continuous beam subjected to distributed loading: moment and shear force diagrams, definition of lC and lSS. Shear capacity 
and contribution of the various shear-transfer actions, obtained by using Eq. (7.3) + Eq. (7.7)), within the region of (c) negative and (d) 
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Figure 7.19 Load capacity and theoretical governing location of the critical shear crack varying (a) the ratio l/d, (b) the effective depth d and 
(c) the reinforcement ratio refined approach (continuous lines), closed-form equation with V=VF/5 without any limit on the control 

section shear span acs (dotted lines) and closed-form equation with V=VF/5 and with acs ≥ d (dashed lines)  

The load capacities calculated according to the refined approach (continuous lines) and the closed-form equation (Eq. (7.18) 

with V = VF/5, dotted lines) for different continuous beams with Mright/ql2 equal to 0.1, failing within the region of negative 

bending moment are shown in Figure 7.19 It can be noted that the agreement between the two approaches is less accurate than 
in the previous cases considered (cantilevers and simply supported beams). The reason of this disagreement lies on: (i) Eq. 
(7.16), which, as observed in Section 7.3, slightly overestimates the value of ka for low values of acs/d, and thus for low values 

of Mright/ql2 at the intermediate support; (ii) the assumption of V equal to VF/5, which shall be lower for values of reinforcement 
ratio lower than 2% (Figure 7.16c). However, as shown in Figure 7.19c, for reinforcement ratio larger than 2%, the two 
approaches provide almost identical results. With respect to the solutions of the closed-form equation, it can be observed that 
the minimum load capacity (represented by dotted square markers) is obtained at a control section located between 0.5d and 
0.75d from the right support. With the purpose of maintaining the control section at a distance d from the support (rF=d), to be 
consistent with the case of cantilevers subjected to point and distributed loading, a limit on acs ≥ d shall be introduced in the 
closed-form equation. The results of the closed-form equation Eq. (7.18) with acs ≥ d are shown in Figure 7.19 (dashed lines): 
it can be noted that the load capacity is almost constant for rF larger than 0.75d, justifying the assumption of a fixed control 
section at a distance d from the right support (xF=l-d).  

The influence of the bending moment at the right support (Mright/ql2) is investigated in Figure 7.20a, where the experimental 
results of some beams presented in this thesis, failing within the region of positive or negative bending moments (green and 
purple markers respectively), are shown. In Figure 7.20a it can be noted that, when the static system is more similar to the one 
of a cantilever (Mright/ql2=0.5), the maximum load capacity is lower than when its behaviour is closer to the one of a simply 
supported beam (Mright/ql2=0). Moreover, it is evident that when Mright is lower than 0.05ql2 the critical shear crack will develop 
within the region of positive bending moment, whereas when Mright is larger than approximately 0.1ql2 failure will occur within 
the region of negative bending moment. The three markers at Mright/ql2=0.1 refer to the three shear failures of specimen SC52 
(see Figure 3.3). In the latter, a diagonal crack developed close to the right support (purple marker, SC52), leading to a small 
drop in the applied load (about 5%). However, this diagonal crack did not lead to the failure of the specimen, as the arching 
action developed, and the load could be further increased. Failure occurred then within the region of positive bending moment 
close to the left support (green marker, SC52a), and successively, after the specimen was repaired by means of external plates 
fixed together with prestressed bolts, a second failure was attained close of point of contraflexure (green marker, SC52b).  

Figure 7.20a shows the capability of both the refined approach (black continuous lines) and the closed-form equation (dashed 
lines) to correctly describe the effect of the maximum bending moment at the right support and to give consistently good results 
for both failures within the region of positive (green dashed line) and negative (purple dashed line) bending moment. In 
particular, the full integration of stresses at the crack surface is performed at a crack developing at xA=0.5d within the region 
of positive bending moment (in agreement with the theoretical governing location of the critical shear crack for simply 
supported members subjected to distributed load with l/d=lSS/d <10, refer to Figure 7.10) and at a crack xA=l-d within the region 
of negative bending moment (in agreement with the theoretical governing location of the critical shear crack for cantilevers 
subjected to distributed load, refer to Figure 7.15). In Figure 7.20a it can be noted that the CSCT (red lines) underestimates the 
load capacities of continuous beams failing within the region of negative bending moment, since no reduction of the loads 
acting at a distance larger than 0.5d from the fixed support is accounted for (as already observed in Section 7.5.3).  
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Figure 7.20 Comparison of the load strengths according to the CSCT [1], Eq. (7.3) + Eq. (7.7) and Eq. (7.18) and the experimental results of 
test series varying the maximum negative bending moment at the right support and the position of the point of contraflexure: (a) tests by 

Cavagnis et al. [4] and (b) test by Tung et al. [24] 

Another interesting experimental investigation on continuous members subjected to distributed loading has been recently 
carried out by Tung et al. [24]. Figure 7.20b shows a comparison between the experimental results and the calculated load 
capacities according to the original formulation of the CSCT [1], the refined approach and the closed-form equation. It can be 
observed that the three approaches provide unsafe design solutions for specimens SV-7.1 and SV-7.2, whereas they estimate 
more accurately the shear capacity of the other specimens. Moreover, it shall be noted that, for specimens SV-7.1 and SV-7.2, 

the original formulation of the CSCT (red line) and the closed-form equation with V=0 (purple dotted line) provide the most 
accurate results. 

The unsafe solutions of the theoretical models presented in this Chapter can be explained by considering the static scheme of 
these tests, which was varied during loading: close to peak load, the distance of the point of contraflexure from the axis of the 
fixed support (l – lSS, in Figure 7.18) was expanded to 2.5d, from an initial value of approximately 1.5d. At failure, the authors 
observed that the critical shear crack propagated from an existing flexural crack [24]. Therefore, the critical crack developed 

at an angle AB lower than the one that would have occurred in the case the position of the point of contraflexure would have 
been kept constant and equal to 2.5d during the entire test. This imply an influence of the loading history and the variable load 
combinations on the shape of the critical shear crack.  

Therefore, in order to predict correctly the shear capacity of these members, the refined approach shall be applied by assuming 

a more realistic shape of the critical shear crack: the inclination of the critical crack (AB) shall be calculated as a function of 
the moment-to-shear ratio at the control section prior to the loading adjustment (l-lSS equal to approximately 1.5d). On the 
contrary, the bending moment in the load-crack opening relationship (Eq. (7.7)) shall be determined on the basis of the static 

scheme at failure (l – lSS equal to approximately 2.5d). Note that, assuming a lower angle AB, the theoretical governing location 
of the critical shear crack shifts further from the fixed support. The onset of the critical shear crack can thus be assumed equal 

to l – 1.5d, which leads to an angle AB equal to 45° (refer to light blue continuous line in Figure 7.20b).  

The closed-form equation can also be applied for these tests by assuming a coefficient ka=0.65 (due to a lower acs at the control 

section prior to the loading adjustment), in agreement with the flatter angle AB previously assumed in the refined approach. In 
the right part of Eq. (7.18), differently, acs is assumed equal to the moment-to-shear ratio obtained from static scheme at failure 
(refer to light blue dashed line in Figure 7.20b).  

In Figure 7.20b it can be observed that assuming a more realistic shape of the critical shear crack, the refined approach (blue 
continuous line) and the closed-form equation (blue dashed line) provide a good estimate of the load capacity of these members.  
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Based on the previous observations it can be concluded that in the case of variable loads the following recommendations shall 
be implemented: (i) the bending moment and shear force diagrams shall be calculated from the different load combinations; 
(ii) in each section the minimum and maximum moment-to-shear ratio shall be determined. In the refined approach, the shear 
capacity shall be checked at any possible location of the critical shear crack xA within the investigated span. The inclination of 

the critical shear crack AB at each section xA shall be calculated according to Eq. (7.2), where acs is the lowest moment-to-shear 
ratio obtained at each investigated section from the analyses of the different load combinations. Moreover, if the distributed 
loading is not applied on the entire tension side of the member, the dowelling action shall be determined accounting for its 
strain-dependency (kb defined according to Eq. (7.15)). In the closed-form equation, the shear capacity shall be checked at the 
control section located at a distance d from a static or geometric discontinuity. In Eq. (7.18), ka shall be calculated according 
to Eq. (7.16), where acs is the minimum moment-to-shear ratio at the control section obtained from the different load 
combinations. Differently, in the right part of Eq. (7.18), acs shall be assumed equal to maximum moment-to-shear ratio at the 

control section obtained from the different load combinations. Moreover, V could be reduced and eventually assumed equal 
to zero, if the distributed loading is not applied on the entire tension side of the member in the proximity of the critical shear 
crack.  

The significance of this topic in structural applications encourages further experimental and theoretical investigations, in order 
to provide more insights on the dowel capacity and on the influence of variable loads on the shape of the critical shear crack.  

7.6 Examples of application 

7.6.1 Verification of a thick slab without transverse reinforcement 

In the following, an example of a very thick one-way slab, tested at the University of Toronto [25], is investigated. The 
dimensions, properties and acting shear forces VE at failure are given in Figure 7.21. For this specimen fct is assumed equal to 
3 MPa [26]. The self-weight of a thick slab cannot be neglected and thus the acting shear force (green line) is calculated 
accounting for a distributed load due to the weight of the specimen (q=25 kN/m). Figure 7.21b shows the shear capacity 
calculated according to the refined approach and the closed-form equation for each possible location of the critical shear crack 

xF. The refined approach is applied at any possible location of the critical shear crack xA and AB is calculated according to Eq. 

(7.2), where aA is the moment-to-shear ratio derived from the experimental failure load. Theoretically, an iteration on AB would 

be needed. However, it was observed that AB calculated iteratively (where aA changes at each iteration due the different 

calculated failure load) is practically identical to AB calculated from the measured failure load. It is then assumed that the 
calculated shear capacity corresponds to the one at the control section xF, in agreement with the equilibrium of the rigid body 
shown in Figure 7.9. 

In Figure 7.21b, it can be observed that the closed-form equation slightly overestimates the shear capacity, compared to the one 
calculated according to the refined approach (Eq. (7.3) + Eq. (7.7)). Moreover, the theoretical governing control section xF is 
located closer to the end support (right support in Figure 7.21a), in comparison to smaller specimens where the self-weight is 
neglected (refer to Figure 7.5).  

Two potential control section xF located respectively (i) at a distance d from the axis of load introduction and (ii) at a distance 
1.75d from the axis of the right support (corresponding to the control section xF of a shear crack developing at xA≈1.2d) are 
investigated in Figure 7.21b. Section (ii) corresponds to the section where the bending moment reaches the cracking moment, 
assuming fct=3 MPa [26]. 

For the control section (i) VE(i)=:286 kN.  
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For the control section (ii) VE(ii)=:322 kN and 
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Figure 7.21 (a) Details of the specimen [25]: dimension, properties, observed crack pattern and investigated cracks; (b) calculated shear 
capacity according to the refined approach (dark continuous line) and the closed-form equation (dark dashed line) and acting shear force VE 

at failure (green continuous line)  

According to Section 7.5.2, the distributed loads which are not transferred through the critical shear crack are not accounted 
for in the shear force at the control section xF (refer to rigid body in Figure 7.9). Nonetheless, the self-weight is not applied as 
a uniformly distributed load acting on the compression side of the specimen. Therefore, the portion of self-weight acting below 
the critical shear crack has to be added to the acting shear VE at the control section xF (see darker grey in Figure 7.21a). A 
shown in Chapter 6, the horizontal projection of critical shear crack depends on the inclination of the segment AB of the critical 

shear crack, but it can be estimated for these cases to be equal to approximately 0.56d. On this basis, the portion of the load V 

that has to be added to the acting shear force results: V =q∙0.56∙d/2=27 kN, and thus VE(i)=286kN+V =313 kN and 

VE(ii)=322+V =349 kN. It can be concluded that the theoretical governing location is located at 1.75d from the right support 
and the closed-form equation slightly underestimates the shear capacity for this case (VE(ii) /Vcalc,closed-form(ii) =0.94). Better results 
are obtained applying the refined approach for the critical shear crack developing at xA=1.2d (VE(ii) /Vcalc,refined(ii) =1.06). 

7.6.2 Design of deck slab of a cut-and-cover tunnel 

The following example is taken from Sigrist et al. [27]. A deck slab of a cut-and-cover tunnel is analysed (refer to Figure 7.22). 
The deck slab is a part of a frame structure and consists of two spans of 10.55 m between axes. The thickness of the slab h is 

0.8 m. The concrete is C30/37 (fck=30 MPa, c=1.5), with a maximum aggregate size of 32 mm. The reinforcement class is 

B500S (fyk =500 Mpa, s =1.15). The top longitudinal reinforcement is equal to 2945 mm2/m (=0.398%) and the effective 
depth d is equal to 0.74 m. Only one load arrangement of qd=80kN/m2 has been considered, which is in equilibrium with a 
reaction in the middle of the internal column of 950 KN/m.  

The maximum internal forces at the edge of the internal column are: mEd = -869 kNm/m and vEd = 455 kN/m. The control 
section is taken at a distance d from the axis of the intermediate support and the corresponding sectional forces are: mEd = -
599 kNm/m and vEd = 416 kN/m. The control section shear span acs is thus equal to mEd/vEd = 1440 mm. The shear resistance 
is determined using Eq. (7.18): 
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 (7.38) 

The distributed loads acting near to the control section which can be subtracted are v=vEd/5=83 kN/m. The shear capacity is 

thus insufficient as vc=302 kN/m < 416 kN/m – 83 kN/m = 333 kN/m (vEd - v). 
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Figure 7.22 (a) Geometry and cross-sectional dimensions of the tunnel [27] (dimensions in m); (b) shear force and (c) moment diagrams 
(adapted from Sigrist et al. [27]) 

As the shear resistance is not sufficient, one of the following measures may be chosen: (i) using a concrete with higher strength; 
(ii) providing transversal reinforcement; (iii) increasing the slab thickness; (iv) increasing the flexural reinforcement; (v) 
prestressing the deck slab.  

In the following, the same slab is prestressed and the slab thickness h is reduced to 0.7 m (to enable comparison the load qd is 
kept constant and equal to 80 kN/m). The prestressing comprises of 5 strands per metre (ap=750 mm2/m) with a nominal 
yielding strength of fp,yk=1500 MPa. The maximum eccentricity at the intermediate support is 0.27 m and the radius of curvature 
of the tendons is 5.18 m over a length of 1.80 m. Assuming a stress of 1275 MPa in the strands at tensioning, after friction 
losses and assuming shrinkage, creep and relaxation losses of 22%, the final prestressing force is 745 kN/m, which is assumed 
constant on the entire slab and equal to the normal force nPd. In addition, a moment due to static indeterminacy of 15 kNm/m 
is accounted for. In addition to tendons, conventional steel reinforcement of as=1340 mm2/m with an effective depth ds of 0.64 
m is adopted. At the cross section located at a distance ds from the axis of the intermediate support, the effective depth of 
prestressing is dp =0.70/2+0.27-(0.64)2/(2∙5.18)=0.580 m. The effective depth d, according to Eq. (7.22) is: 
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The average reinforcement ratio  is (refer to Eq. (7.23)): 
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The control section is thus located at a distance d from the axis of the intermediate support (an iteration is needed, but it can be 
omitted since d is practically unchanged). The internal forces at the control section thus results: nPd = -745 kN/m, vEd = 336 
kN/m and mEd = -463 kNm/m. 

The effective control section shear span acs,eff can be calculated according to Eq. (7.24): 
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and the shear resistance (Eq. (7.18)) results: 
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The distributed loads acting near to the control section which can be subtracted from the acting shear force at the control section 

are v=vEd/5=67 kN/m. The shear capacity is thus sufficient for this case as vc=269.2 kN/m > 336 kN/m – 67 kN/m = 269 kN/m 

(vEd - v). 

7.7 Validation and comparison to experimental results 

The closed-form equation (Eq. (7.18)) has shown to provide almost identical results to the mechanical model (Eq. (7.3) + Eq. 
(7.7)) (refer to Figure 7.5, Figure 7.10d-f and Figure 7.16e-g). The closed-form equation is grounded on a refined approach 
(Eq. (7.3) + Eq. (7.7)), which allows estimating the shear strength taking into account the contribution of all potential shear-
transfer actions. In addition, the influence of the shape (ka) and location of the critical shear crack with respect to the point of 
load introduction (kc) are explicitly considered. As shown in the previous sections, the closed-form equation can be applied 
checking the shear strength at each potential control section located at a distance d, either from a static discontinuity 
(concentrated load or intermediate support) or from a section with zero acting bending moment (end support or points of 
contraflexure in continuous beams). Furthermore, the control section shear span acs is limited by the condition acs ≥ d (following 
the observations of Section 7.5.4).  

The main assumptions of the refined approach and the closed-form equation are summarized in Table 7.2. Table 7.3 shows a 
detailed comparison of the results of the original formulation of the CSCT [1], the refined approach (Eq. (7.3) + Eq. (7.7)) and 
the closed-form equation (Eq. (7.18)), with acs ≥ d) against the experimental results of simply supported, cantilevers and 
continuous beams subjected to concentrated and distributed loading with and without axial forces (refer to sketched in the 
tables for definition of loading and support conditions).  

Table 7.2 Summary of the location of the control section for the refined approach and the closed-form equation
Refined approach:  

Eq. (7.3) + Eq. (7.7) 
xA kb  

Closed-form:  
Eq. (7.18) (acs≥1) 
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It shall be noted that only slender members failing in shear are considered in this study: simply supported beams subjected to 
concentrated loading with a/d (or aeff/d for prestressed members) ≥2.5, simply supported beams subjected to distributed loading 
with l/d ≥10 or cantilevers and continuous beams subjected to distributed loading with l/d (or lC/d) ≥3.5. With respect to 
continuous beams failing within the region of positive bending moment, also members with lSS/d<10 are assumed to behave as 
slender members, due to lack of a reaction plate close to the point of contraflexure, and are therefore included in the database. 
For simply supported beams subjected to point loading, the database of Reineck et al. [8] (where only rectangular beams with 
a/d ≥ 2.5 have been considered), completed with the tests by Cavagnis et al. [5], is used (see [3]). Section 7.9 provides the 
databases used for members with different loading and support conditions: simply supported beams subjected to point load and 
axial forces (Table 7.4), prestressed beams (Table 7.5), simply supported beams (Table 7.6), cantilevers (Table 7.7) and 
continuous beams subjected to distributed loading (Table 7.8 and Table 7.9). Appendix 2 provides the main mechanical and 
geometrical properties and the failure loads of all specimens used to validate the theoretical approaches presented in this thesis. 
For all specimens, the eventual compression reinforcement was not accounted for in the evaluation of the shear strength. The 
tests performed with variable the static scheme during loading [24] have not been used for comparison.  

As shown in Table 7.3, the CSCT shows a good agreement with test results for simply supported beams subjected to point 
loading and provides a reasonable estimate of the shear capacity for simply supported members subjected to distributed loading. 
As already point out in [3], the accuracy of the CSCT could be enhanced for low crack openings (large reinforcement content) 
by modifying the hyperbolic failure criterion with a power-law failure criterion (refer to Eq. (7.8)). Moreover, the CSCT can 
be improved accounting for ddg defined according to Eq. (6.17). In addition, it can be noted that the CSCT underestimates the 
shear capacity of cantilevers and continuous beams subjected to distributed loading (failure M- in Table 7.3). A physical 
meaning of this issue has been outlined in the previous sections and in the work by Perez Caldentey et al. [23]: according to 
the CSCT, all loads acting at a distance larger than 0.5d from the fixed support participate without any reduction to the shear 
force at the control section, leading to safe design solutions.  

Table 7.3 Summary of ratio of experimental results to calculated shear strengths according to the models investigated in this study

   CSCT [1] 
Refined approach: 

Eq. (7.3)+ Eq. (7.7) 
Closed-form: 

Eq. (7.18) (acs≥1) 

  N. tests 
Mean 
Value 

COV 
Mean 
Value 

COV 
Mean 
Value 

COV 

[3] 

2V

V VaV  

635 1.02 0.156 1.01 0.136 1.00 0.141 

Table 7.4 

2V

V

-N

Va

-N

 

95 1.04 0.160 1.02 0.126 1.02 0.132 

Table 7.5 

2V

V

P

Va

P

 

27 1.21 0.123 1.21 0.123 1.21 0.127 

Table 7.6 

q

lV V  

63 1.03 0.176 1.05 0.119 1.02 0.132 

Table 7.7 

q

l V  

20 1.44 0.144 1.12 0.109 1.12 0.119 

Table 7.8 

q
l

lC

VrightVleft

Failure M-{{

 

26 1.64 0.195 1.18 0.129 1.13 0.122 

Table 7.9 

{{
q

lSS

l

VrightVleft

Failure M+

 

16 1.18 0.186 1.03 0.105 1.02 0.102 
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Figure 7.23 Ratio Vtest/Vcalc as a function of different mechanical and geometrical parameters for the cases of simply supported beams, 
cantilevers and continuous beams without transverse reinforcement subjected to point and distributed loading, with and without axial forces 

The refined approach (Eq. (7.3) + Eq. (7.7)) and the closed-form equation (Eq. (7.18)) provide good predictions of the 
experimental results of slender members subjected to various loading conditions (refer to Table 7.3). A good agreement with 
no noticeable trends for the main mechanical and geometrical parameters can be observed when comparing the closed-form 
solutions to the available test results: control section shear span acs/d (Figure 7.23a), effective depth d (Figure 7.23b), 

compressive strength fc (Figure 7.23c), reinforcement ratio (Figure 7.23d), maximum aggregate size dg (Figure 7.23e) and 
width-to-depth ratio b/d (Figure 7.23f). It is interesting to observe that, although there is still disagreement within the research 
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community on the influence of the width-to-effective depth ratio on the shear stress at failure, the comparison between the 
available experimental results and the predicted shear strengths do not show a clear trend with respect to this parameter (as 
observed in [28–30]).   

However, it shall be noted the refined approach (Eq. (7.3) + Eq. (7.7)) and the closed-form equation (Eq. (7.18)) slightly 
underestimate the shear capacity of cantilevers and continuous beams subjected to distributed loading (refer to Table 7.7 and 
Table 7.8). As observed in the previous sections, this may be due to one the following reasons: (i) the assumed shape of the 
critical shear crack does not consider that a possible secondary flexural crack (crack type C, refer to [4]) may merge with the 
primary flexural crack (crack type A, refer to [4]) during loading, leading to a reduction of the loads transferred through the 
critical shear crack (see Section 7.5.3) and a redistribution of the shear-transfer actions; (ii) for some cases, when no information 
is available on the reinforcement layout or for multiple layers, a value of 3db has been assumed as bar spacing: this may lead 
to a safe estimate of the contribution of the dowelling action and thus of the shear strength of the member (see [3] and Section 

7.2.3); (iii) in the closed-form equation, the assumption of a V=VF/5 may be too conservative for cantilevers with large 
reinforcement content (refer to Figure 7.16a-d). 

7.8 Conclusions 

This Chapter presents an overview on the shear design of slender beams and one-way slabs without transverse reinforcement 
subjected to different loading and support conditions. The main conclusions are summarized below: 

1. The contribution of the various shear-transfer actions can be calculated for simply supported beams, cantilevers and 
continuous beams subjected to concentrated and distributed loading, by assuming a realistic shape and kinematics of 
the critical shear crack and by integration of stresses at the crack surface. 

2. The shear strength is shown to be significantly dependent on the location and shape of the critical shear crack. 
Different shear failure criteria are governing for different loading and support conditions. 

3. By selecting a power-law equation that approximates the failure criteria obtained by integration of stresses along the 
crack surfaces, a simple closed-form equation can be derived. This equation is shown to be simple to be used and to 
allow calculating the shear capacity and understanding the role of the main mechanical parameters governing the 

shear strength (flexural reinforcement ratio , compressive strength fc, aggregate size dg, moment-to-shear ratio at 
the control section acs).  

4. It is shown that for each possible location of the control section, the closed-form expression provides almost identical 
results to the refined approach that accounts for the contribution of the various shear-transfer actions. 

5. The shear capacity can be estimated by using the closed-form equation. The shear strength has to be checked at any 
potential control section located at a distance d from a static discontinuity (intermediate support, end support, point 
of contraflexure or concentrated load) or geometric discontinuity (change of cross-section geometry or 
reinforcement). In the presence of distributed loads acting on the tension face of the member in the proximity of the 

intermediate supports in continuous beams or fixed supports in cantilevers, a fraction of the load V shall be 
subtracted from the shear force acting at the control section. 

6. In the case of different load combinations applied, the angle AB and the coefficient ka shall be calculated assuming 
at the investigated section the minimum experienced moment-to-shear ratio due to the different load combinations. 

On the contrary, s in the load-deformation relationship and acs in the right part of the closed-form equation shall be 
calculated assuming the less favourable load combination (lowest shear capacity).  

7.9 Appendix A 
Table 7.4 Simply supported beams or cantilevers subjected to point load and axial forces  

Researchers 
No. of 

specimens 
fc  [MPa]  [MPa] d [mm] a/d [-] ρ [%] 

Vexp/Vclosed-eq. 

(COV) 
Jøregensen et al. [15] 19 24.8 to 30.2 2.94 to 18.2 164 2.74 to 3.34 1.07 1.14 (0.121) 
Khulmann et al. [31] 32 27.1 to 51.5 1.44 to 7.69 260 2.88 to 4.81 0.97 to 2.60 0.97 (0.107) 
Morrow et al. [14] 11 12.1 to 44.6 -1.81 to -0.84 349 to 387 3.67 to 5.71 0.96 to 3.43 1.03 (0.082) 
Madsen et al. [17] 6 19.5 to 23.6 -5.67 to-1.56 175 3.57 3.74 0.98 (0.142) 

Diaz de Cossio et al. [32] 7 26.3 to 29.3 -2.32 252 3.63 to 6.65 1.01 to 3.37 1.02 (0.113) 
Mattock et al. [33] 20 15.5 to 56.2 -3.37 to 2.11 254 3.00 to 5.40 1.02 to 3.07 1.01 (0.148) 

 95      1.02 (0.132) 
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Table 7.5 Prestressed simply supported beams or cantilevers subjected to point loading  

Researchers 
No. of 

specimens 
fc  [MPa]  [MPa] d [mm] a/d [-] ρ [%] 

Vexp/Vclosed-eq. 

(COV) 
Kar [34] 7 28 to 35.9 -1.52 to -4.00 152 to 178 4.00 to 5.00 0.45 to 1.25 1.31 (0.107) 

Sozen et al. [35] 20 17.8 to 42.9 -0.17 to -4.89 204 to 238 3.84 to 6.48 0.28 to 0.96 1.17 (0.121) 
 27      1.21 (0.127) 

 

Table 7.6 Simply supported beams subjected to distributed load 

Researchers 
No. of 

specimens 
fc    [MPa] b [mm] d [mm] l/d [-] ρ [%] 

Vexp/Vclosed-eq. 

(COV) 
Acevedo et al. [36] 1 32.4 332 205 13 1.72 1.13 (-) 
Cavagnis et al. [4] 2 33.6  250 556 10.1 0.89 1.08 (0.031) 

Dassaw [37] 3 24.3 to 28.1 914 541 10.1 1.02 1.01 (0.100) 
Diaz de Cossio et al. [32] 2 19 to 41 152 252 11.1 0.99 0.95 (0.124) 

Feldman et al. [38] 4 23.8 to 38.6 152 252 11.1 3.36 1.15 (0.101) 
Klein [39] 2 29.4 to 33.1 533 541 to 1151 12 0.98 to 1.05 0.77 (0.013) 

Krefeld et al. [19] 29 11.2 to 36.8 152 250 to 256 11.9 to 19.5 1.31 to 4.30 1.01 (0.114) 
Leonhardt et al. [18] 7 31.1 to 33.6 189 to 190 272 to 274 11 to 22 2.05 to 2.06 1.15 (0.030) 

Shioya et al. [20] 8 21.1 to 28.5 300 to 1500 600 to 3000 12 0.38 to 0.44 0.89 (0.138) 
Smith [40] 3 28 to 36.2 150 200 12.2 to 18.3 2.01 0.95 (0.095) 

Tung et al. [24] 2 33.8 170 407 12.3 0.74 1.11 (0.050) 
 63      1.02 (0.132) 

 

Table 7.7 Cantilevers subjected to distributed load 

Researchers 
No. of 

specimens 
fc    [MPa] b [mm] d [mm] l/d [-] ρ [%] 

Vexp/Vclosed-eq. 

(COV) 
Cavagnis et al. [5] 6 31.2 to 36.9 250 556 zo 559 3.78 to 10.07 0.54 to 0.89 1.02 (0.087) 

Pérez Caldentey et al. [23] 2 31.1 to 33.6 250 562  5.87 0.79 1.09 (0.046) 
Tung et al. [24] 6 32.4 to 33.2 170 403 to 407 6.14 to 7.20 0.74 to 1.55 1.22 (0.105) 
Uzel et al. [41] 1 27.3 300 617 4.86 0.76 1.24 (-) 

Aoyagi et al. [42] 1 36 150 250 4 4.05 1.24 (-) 
TNO (dg = 8 mm) [43] 4 19.8 to 22.7 150  150 4.50 to 6.00 2.05 1.05 (0.116) 

 20      1.12 (0.119) 

 

Table 7.8 Continuous beams subjected to distributed load (failure within the region of negative bending moment) 

Researchers 
No. of 

specimens 
fc    [MPa] d [mm] lc/d  [-] Mright/ql2  [-] ρ [%] 

Vexp/Vclosed-eq. 

(COV) 
Cavagnis et al. [4] 4 33.2 to 36.8 556 6.04 to 9.06 0.100 to 0.400 0.89 1.07 (0.125) 

Klaus [44] 7 36.4 to 68.1 109 to 159 6.38 to 7.00 0.056 to 0.062 0.51 to 1.39 1.08 (0.089) 
Acevedo et al. [36] 1 31.8 216 6.62 0.125 1.09 1.02 (-) 
Bryant et al. [45] 5 20 to 27 330 4.91 0.125 2.45 to 2.58 1.11 (0.163) 
Aoyagi et al. [42] 5 36 250 4.00 to 6.00 0.115 to 0.206 4.05 1.20 (0.098) 

TNO (dg = 8 mm) [43] 4 19 to 20.3 150 4.50 to 6.00 0.167 2.05 1.26 (0.101) 
 26      1.13 (0.122) 

 

Table 7.9 Continuous beams subjected to distributed load (failure within the region of positive bending moment) 

Researchers 
No. of 

specimens 
fc    [MPa] d [mm] lSS/d  [-] Mright/ql2  [-] ρ [%] 

Vexp/Vclosed-eq. 

(COV) 
Cavagnis et al. [4] 2 36.8 556 8.06 0.100 0.089 1.06 (0.070) 
Acevedo et al. [36] 1 30.9 211 3.73 0.125 0.44 0.96 (-) 

Klaus [44] 2 58.4 to 64 151 to 245 10.73 to 11.24 0.025 to 0.056 1.39 to 1.44 1.04 (0.140) 
Aoyagi et al. [42] 3 36 250 6.00 to 7.00 0.033 to 0.071 4.05 1.01 (0.144) 

TNO (dg = 8 mm) [43] 8 22.2 to 26.0 150 5.20 to 10.39 0.036 to 0.086 2.05 1.01 (0.109) 
 16      1.02 (0.102) 
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 Further applications of the 
mechanical model and the closed-form 
equation 

This Chapter presents how the mechanical model and the closed-form equation can be extended and applied to 
lightweight reinforced concrete beams, to reinforced concrete members with low amount of shear reinforcement (in percentage 
less than 0.2% - 0.3%), and to reinforced concrete members with steel fibres (in proportion of less than 2% in volume). 
Moreover, the closed-form equation (Eq. (7.18)) derived in Chapter 7 is simplified for design purposes. 

8.1 Extension of the mechanical model and the closed-form equation 

8.1.1 Applications to lightweight reinforced concrete beams  

The basic principles of the mechanical model based on the integration of the shear-transfer actions at the critical shear crack 
surface were introduced in Cavagnis et al. [1] for normal and high-strength reinforced concrete beams without transverse 
reinforcement. The mechanical model and the closed-form equation can be extended to lightweight reinforced concrete (LWC) 
members, introducing some modifications in order to account for the different behaviour of these members, due to the 
replacement of normal weight aggregates with lightweight aggregates. 

It has been experimentally observed that the crack surface of normal strength concrete beams is generally formed through the 
concrete matrix and around the aggregate particles, whereas that of lightweight concrete members mainly passes through the 
aggregate particles [2]. Therefore, the aggregate interlock contribution for LWC members is expected to be lower than for 
normal-strength concrete members. In addition, experimental investigations have shown that the softening behaviour in tension 
of LWC is steeper than in normal weight concrete and the fracture energy is reduced [3]. This different behaviour can be 
explained on the basis of the smaller strength of lightweight aggregates and the reduced capacity of the aggregates to control 
the crack opening.  

Therefore, on the basis of the previous observations, the refined approach can be applied to LWC members introducing the 
following modifications: (i) the aggregate size is assumed equal to 0, in agreement with the CSCT [4]; (ii) the fracture energy 
GF is calculated according to fib Model Code 2010 [5], as GF=GF0+1.6∙fct (expressed in N/m), where GF0 is assumed equal to 
24 N/m for lightweight concrete with normal weight sand and equal to 0 for lightweight concrete with lightweight sand.  

The closed-form equation (Eq. (7.18)) can also be applied to lightweight reinforced concrete beams, assuming ddg=16 mm, in 
agreement with the previous observations and with the assumptions of the CSCT [4]. 

In order to validate the proposed approaches, a total of 50 lightweight reinforced concrete beams with normal weight sand 
subjected to point load have been collected from literature and compared with both the refined approach and the closed-form 
equation. Table 8.1 shows that the presented approaches provide consistent and accurate results. However, the knowledge of 
the fracture properties and the aggregate interlock capacity of LWC is still insufficient and further investigations are needed to 
determine the softening behaviour and the influence of the aggregate size in lightweight concrete members.  

 Vexp / Vcalc [-] CoV [-] 

Refined approach  Eq. (6.5).+ Eq. (6.33), assuming xA =0.5a 1.04 0.110 

Closed-form equation (Eq. (7.18)), assuming xF =a-d 1.05 0.104 

Table 8.1 Comparison of calculated and experimental shear strengths of LWC simply supported beams subjected to point load: average value 
Vexp / Vcalc and coefficient of variation (CoV)  
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8.1.2 Applications to reinforced concrete beams with low amount of transverse reinforcement  

Members with low amount of transverse reinforcement fail by localization of strains in the critical shear crack [6]. Therefore, 
the shear design of these members shall be based on strain-based models [4]. On the contrary, in members with large amount 
of transverse reinforcement (generally above 0.3%), cracks are distributed over the height of the specimens and avoid strain 
localization and failure is related to crushing of concrete. Such members shall thus be designed on the basis of equilibrium-
based approaches such as stress fields [7] or strut-and-ties models. 

An attempt to describe the kinematics of the critical shear crack and the contribution of the various shear-transfer actions of 
beams with low amount of transverse reinforcement has been recently presented by Campana et al. [8] and Huber et al. [9]. By 
analysing the various shear-transfer actions, the authors agreed that the shear reinforcement provides a significant contribution 
to the shear strength, important dowel forces occur in the longitudinal bars when the critical crack develops in the vicinity of a 
vertical stirrup and the height of the uncracked concrete above the tip of the critical crack is reduced with respect to members 
without transverse reinforcement. From [8] and [9], the critical shear crack can be idealized by a bilinear shape (segment A-B 
and segment B-F) and it can be observed that its kinematics is characterized by a centre of rotation located near the tip of the 
crack (in agreement to the available experimental measurements on members without shear reinforcement, refer to Chapter 3 
and 4). Segment A-B can be assumed to develop up to the neutral axis dB=d-c and its angle can be approximated by Eq. (6.6). 
With respect to segment B-F, it has been experimentally observed [8, 9] that it propagates in a stable manner within the 
compression zone for a longer length lF (lF > 0.5d [8]) than the one measured in members without transverse reinforcement 
[10]. This difference is due to the fact that the transversal reinforcement controls the opening of the critical shear crack and 
allows a stable propagation of the critical shear crack for a longer length than the one experimentally measured in members 
without shear reinforcement. Therefore, the length lF of the segment B-F can be assumed, in agreement with these experimental 

evidences [8, 9], to vary as a function of the spacing between stirrups (s) and the amount of transverse reinforcement (fyw∙w), 
according to the following analytical expression: 
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where xB - xA is the horizontal projection of the quasi-vertical branch of the critical shear crack (refer to Figure 8.1), fyw0 is a 
reference yielding strength of the stirrups assumed equal to 500 MPa and kS is a constant of the model, which can be estimated 
equal to 200. It can be noted that in Eq. (8.1), lF is limited by an upper value of 0.5d, to guarantee that the critical shear crack 

develops within the height of the specimen. The associated angle BF of segment B-F can be taken equal to /8 in agreement 
with the one assumed for members without shear reinforcement. 

The shear capacity of simply supported beams with shear reinforcement can be thus calculated, by vertical equilibrium of the 
rigid body shown in Figure 8.1, as follows: 
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where VRes, VAgg, VDowel, VCompr and Vs are respectively the contribution of the residual tensile strength of concrete, aggregate 
interlock, dowelling action, compression zone and shear reinforcement, hF is the thickness of the uncracked concrete above the 
tip of the critical shear crack (hF = d - dF) and rF is the horizontal distance between the tip of the critical shear crack and the 
axis of load introduction (refer to Figure 8.1). 
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Figure 8.1 Simply supported beam with shear reinforcement subjected to point loading: rigid body equilibrium and internal forces 
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Based on the experimental measurements, it is reasonable to consider that all stirrups intersected by the critical crack profile 
are fully activated at peak load: as observed by Campana et al. [8], a very small vertical opening of the critical crack is sufficient 
to yield the bars (vertical opening v = 0.3 mm) and with the assumption of an upper limit of the length lF equal to 0.5d, which 
represents a lower-bound value of the length lF experimentally measured, it is reasonable to assume that all stirrups intercepted 
by the critical crack are yielded. Therefore, Vs can be defined as: 

 AFywwS xxbfV   (8.3) 

where w=Asw/(b∙s) is the ratio of transverse reinforcement, Asw is the area of the stirrups, s is the spacing of the stirrups, fyw is 
the yield strength of the stirrups, xA and xF are respectively the horizontal coordinates of the onset and the tip of the critical 
shear crack. 

With respect to the dowelling action (VDowel), Yoon et al. [6] observed that an appropriate amount of transverse reinforcement 
helps controlling bond splitting cracks along the longitudinal reinforcement and allows increasing the dowel capacity of the 
flexural bars. Campana et al. [8] developed a numerical model to investigate the influence of the shear reinforcement on this 
action and showed that the maximum dowelling action is reached closed to the end support (left support in Figure 8.2a). 
Moreover, the authors noted that the dowel capacity increases in the vicinity of a stirrup and its value remains almost constant 
for a length Ldow along the longitudinal reinforcing bars (dashed black curve in Figure 8.2b). The authors also showed that the 
dowelling action is reduced if the critical crack intercepts the longitudinal reinforcement at a distance larger than Ldow from the 
closest intercepted stirrup, but its contribution remains more significant than the one calculated for members without transverse 
reinforcement (continuous black curve in Figure 8.2b). Since the location of the critical shear crack with respect to the position 
of the stirrups is a priori unknown, it is proposed to define a coefficient kb,stirrups, which provides an average value of the 
dowelling action within the spacing between two stirrups. Based on the numerical results [8], the coefficient kb,stirrups can be 

assumed to increase for larger transverse reinforcement ratios (w), flexural strength of the stirrup (fyw) and diameter of the 
longitudinal bars (dbar). On the contrary, its value decreases for increasing values of the spacing between stirrups (s). Moreover, 
kb,stirrups shall always be larger than kb (kb is the reduction factor for members without transverse reinforcement (Eq. (6.25)). In 
addition, an upper limit of kb,stirrups equal to 1 is proposed (continuous red curved in Figure 8.2b), although the dowel action 
may eventually be larger for larger values of shear reinforcement [11]. 

The dowelling action (Eq. (6.27)) thus results (dashed red curve in Figure 8.2b): 

  bbctbstirrupsDowel ddnbnfkV 2  (8.4) 

and kb,stirrups can be defined, on the basis of the numerical results, as: 

110maxmax
0







 















 b

b
wywb

b

minwyw

wyw
wstirrups,b k,

s

d
fk,

s

d

f

f
kk 




  (8.5) 

wherew,min and kw are assumed constant and equal respectively to 0.001 and to 5, and kb is defined as in Eq. (6.25).  
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Figure 8.2 (a) Scheme of the investigated beam; (b) dowelling action as a function of the distance of the critical shear crack to the edge of the 
end support (analyses performed by Campana et al. [8] for two beams with and without shear reinforcement) and definition of kb,stirrups 
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Figure 8.3 (a) Failure criterion and load-deformation relationship and contribution of the shear-transfer actions for a simply supported beam 
with shear reinforcement subjected to point loading; (b) comparison of the solutions of the refined approach and the closed-form equation 

with the experimental results of a test campaign investigating the influence of the shear reinforcement ratio w [12] 

Figure 8.3a shows an instance of the contribution of the different shear-transfer actions to the shear strength as a function of 
the strains at the level of the longitudinal reinforcement for a simply supported beam with transverse reinforcement subjected 
to point loading. When the shear force (defined by the load-deformation relationship) equals the shear capacity (defined by the 
failure criterion), failure occurs (intersection between Eq. (6.5) and Eq. (8.2)). It can be observed that the contribution of the 
dowelling action is dominant for this case (about 27% of the total shear force), whereas the shear reinforcement and the 
aggregate interlock carry respectively 20% and 23% of the total shear force. However, it shall be noted that for a member with 

the same geometrical and mechanical parameters but with a reinforcement ratio  equal to 1%, the shear reinforcement becomes 
governing (43% of the total shear force) and the contribution of the dowelling action is reduced (11%).  

The closed-form expression (Eq. (7.18)) can also be applied to reinforced concrete beams with low amount of transverse 
reinforcement. However, Eq. (7.18) shall be modified, in order to account for the contribution of the shear reinforcement and 
for the enhanced dowel capacity compared to members without shear reinforcement (refer to [8] and Eq. (8.4)) . 

The contribution of the stirrups to the shear strength can be calculated using Eq. (8.3), which can be simplified introducing an 
average value of the horizontal projection of the critical shear crack: xF-xA can be assumed for the closed-form equation equal 
to∙d. The contribution of the transverse reinforcement to be accounted for in the closed-form equation results: 

  dbfxxbfV ywwAFywwform.cl,S   (8.6) 

With respect to the dowelling action, it has been experimentally and numerically observed [8] that its contribution to the shear 
strength is more significant than in members without shear reinforcement. Therefore, Eq. (7.18) should be adapted taking into 
account this additional dowel capacity. It shall be noted that a fraction of the total dowelling action is accounted for in the 
closed-form equation. Eq, (7.18) has been derived from the mechanical model, where the contribution of the dowelling action 
is calculated according to Eq. (6.27). Based on these observations, assuming an average spacing between longitudinal bars 
equal to 3db, the additional dowel capacity results: 

dbfkdbfkV ctbctstirrups,bform.cl,Dowel   55 (8.7) 

where kb is the reduction factor that accounts for the state of strains in the flexural reinforcement (refer to Eq. (6.25)). For shear 
design, kb can be estimated, in agreement with Fernandez et al. [13], equal to 0.25 (the beams investigated in this paper are 
members that failed prior to the development of plastic strains in the longitudinal reinforcement and the assumption of kb=0.25 
is a safe estimate for design [13]). Eq. (8.7) can thus be simplified: 

  05250  dbf.kV ctstirrups,bform.cl,Dowel  (8.8) 

By introducing Eq. (8.6) and Eq. (8.8) in Eq. (8.2), the shear capacity results: 
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where Vc corresponds to the contribution of concrete and steel to the shear strength of the same member designed without 
transverse reinforcement (calculated according to Eq. (7.3)) and VS+D is the sum of the contribution of the transverse 
reinforcement (Eq. (8.6)) and the enhanced dowel capacity (Eq. (8.8)). Eq. (8.9) can also be written as (see Figure 8.4a): 

  DScccDScEcS,c VkVVkVV     (8.10) 

where Vc (E) represents the contribution to the shear strength obtained from the failure criterion of a member designed without 

shear reinforcement, E is the deformation at failure, c is a reduction factor and kc can defined according to Eq. (7.17). The 

factor c can be calculated, based on Figure 8.4a, using the power-law failure criterion (Eq. (7.8)) and the linear load-
deformation relationship (Eq. (7.3)): 

  2121

21

21







































E

c

E

c

c

E

c

Ec
c V

V

k

k

V

V






  (8.11) 

By replacing Eq. (8.11) in Eq. (8.10), the shear strength is given by: 
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Assuming that at failure the acting shear force is equal to the shear capacity (VE=Vc,S), Eq. (8.12) results: 
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Eq. (8.13) can be used to calculate the shear strength, even though it required an iterative procedure. Although Eq. (8.13) 
converges in a fast manner, it can be approximated by a linear equation (refer to Figure 8.4b): 
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where the value of klin that provides the most accurate approximation of Eq. (8.13) is equal to 0.75. 

By introducing Eq. (7.18) in Eq. (8.14), the closed-form equation for reinforced concrete members with low amount of shear 
reinforcement can be written in the following manner:  
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where kc and ka are defined according to Eq. (7.17),  is the reinforcement ratio, fc it the compressive strength of concrete, ddg 
is the crack roughness (refer to Eq. (6.17)), acs is the moment-to-shear ratio at the investigated section, klin is equal to 0.75, and 
VDowel,cl.form and Vs,cl.form are respectively defined in Eq. (8.6) and Eq. (8.8).  
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Figure 8.4 (a) Definition of contributions of concrete and steel for members without transverse reinforcement and contribution of shear 
reinforcement and enhanced dowel capacity; (b) iterative equation and its linearization 

In Figure 8.3b, the shear strengths calculated according to the refined approach (continuous black curve, Eq. (6.5) and Eq.(8.2) 
assuming xA=0.5a, in agreement with simply supported beams without shear reinforcement subjected to point load) and the 
closed-form equation (dashed black curve, Eq. (8.15) assuming xF=a-d) are compared to the test results of an experimental 
campaign investigating the influence of the transversal reinforcement ratio on the shear capacity. The comparison shows that 
both approaches have similar trends and provide a rather good estimate of the shear strength for these members. 

In order to verify the proposed approaches (the refined approach Eq. (6.5) + Eq. (8.2) and the closed-form equation Eq. (8.15)), 
105 rectangular reinforced concrete beams with transverse reinforcement subjected to point loading failing in shear have been 

collected from literature (rectangular beams with a/d ≥2.5 and low amount of shear reinforcement w<0.35%, see Section 8.4). 
Figure 8.5 and Table 8.2 show a comparison of the solutions of the refined approach and the closed-form equation against the 
experimental results: both approaches provide good results with a rather low coefficient of variation (respectively 12.7% and 
13.7%). 
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Figure 8.5 Ratio Vexp/Vcalc as a function of transverse reinforcement ratio w: (a) Vcalc calculated according to the refined approach (Eq. (6.5) 
and Eq. (8.2)); (b) Vcalc calculated according to the closed-form equation (Eq. (8.15)) 

 Vexp / Vcalc [-] CoV [-] 

Refined approach  Eq. (6.5).+ Eq. (8.2), assuming xA =0.5a 1.08 0.127 

Closed-form equation (Eq. (8.15)), assuming xF =a-d 1.09 0.137 

Table 8.2 Comparison of calculated and experimental shear strengths of simply supported beams with low amount of shear reinforcement 
subjected to point load: average value Vexp / Vcalc and coefficient of variation (CoV)  
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8.1.3 Applications to steel fibre reinforced concrete beams 

The shear strength of steel fibre reinforced concrete (SFRC) beams have been largely investigated in the last decades [14–17]. 
It has been widely recognized that the addition of steel fibres to the concrete matrix significantly enhances the shear capacity 
of members without transverse reinforcement and, if a sufficient volume of fibres is added, the brittle shear failure can be 
replaced in favour of a more ductile behaviour.  

In this study, only members made of steel micro-fibres in proportion of less than 2% in volume are considered, in which 
typically multiple inclined cracks may progress during loading and one critical shear crack develops localizing strains [18]. 
The approach presented herein is not suitable for members that develop a clear direct strut above the critical shear crack and 
fail by concrete crushing. In general, this failure mechanism occurs in members with large fibres content, or squat members. 
However, it has been experimentally observed that the fibre bridging effect delays the propagation of flexural cracks, keeping 
the compression zone depth larger also for rather slender members (a/d ≈ 3.5 [19]), and for these cases a theoretical direct strut 
may develop above the critical shear yielding larger shear capacities. Moreover, the crack pattern experimentally observed in 
SFRC beams may differ quite significantly from the one of RC members: the former are often characterized by primary flexural 
cracks with an average spacing sr at mid-height of the specimen equal to 0.4d [20], which is lower than the one experimentally 
measured in RC members. 

Despite these differences the critical shear crack can still be idealized by a quasi-vertical branch (segment A-B) and a quasi-
horizontal branch (segment B-F). Segment A-B can be assumed to develop up to the neutral axis and its angle can be 
approximated by Eq. (6.6), in agreement with members with and without transverse reinforcement. With respect to segment B-
F, it can be assumed that its length lF is related to the parameters that control the opening of the critical shear crack: the 

volumetric fraction of fibres f , the aspect ratio of the fibre f = lf/df  and the bond stress between fibres and concrete matrix b. 
This assumption is consistent with the one made for reinforced concrete beams with low amount of shear reinforcement, where 
lF is assumed to be proportional to the yielding strength of the shear reinforcement fyw and to the transversal reinforcement ratio 

w (a large amount of fibres or stirrups helps controlling the opening of the critical shear crack and allows a stable propagation 
of the crack within the compression zone). Therefore, the length of the quasi-horizontal part of the critical crack can be 
expressed by the following equation: 

dkdl
b

bff
fF 2

1

6

1

0










 





 (8.16) 

where b0 is the reference bond stress between the fibres and the matrix, assumed equal to 5 MPa, and kf is a constant of the 
model equal to 1/5.  

The shear capacity of a SFRC beam can be defined, by vertical equilibrium of the rigid body shown in Figure 8.6, as: 
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where VRes, VAgg, VDowel, VCompr and Vf  are respectively the contribution of the residual tensile strength of concrete, aggregate 
interlock, dowelling action, compression zone and post-cracking tensile strength due to the bridging action of the fibres after 
cracking of the concrete matrix. The residual tensile strength of concrete and the post-cracking tensile strength due to fibres 
are considered separately, although both contributions describe the capacity of cracked concrete to transfer stresses in mode I 
and may eventually be described by a single contribution.  
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Figure 8.6 Simply supported beam with steel fibre subjected to point loading: rigid body equilibrium and internal forces 
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The contribution of the various shear-transfer actions is calculated by using the constitutive models presented in Chapter 6. The 
contribution of the post-cracking tensile strength is calculated on the basis of the constitutive law explained below. 

Extensive experimental investigations and analytical studies have shown that adding steel fibres to the concrete matrix 
significantly increases the post-cracking tensile strength, the post-cracking toughness and the ductility of concrete [21, 22]. The 
post-cracking tensile strength provided by the fibres over a plane of unit area can be defined according to [23]: 

bffff K    (8.18) 

where f = lf/df is the aspect ratio of the fibre, f is the volumetric fraction of the fibres, Kf is the orientation factor andb is the 
bond stress between the fibres and the concrete matrix.  

Various formulae for the determination of Kf have been proposed in literature. Voo and Foster [24] defined the global orientation 
factor in 3-D condition as a function of the crack opening w. Other authors proposed different and constant values of Kf. Among 
all, Rajagopalan et al. [25] and Parimi et al. [26] suggested Kf to be equal to 0.637 in 2-D condition, Swamy et al. [27] and 
Casanova et al. [28] assumed Kf, equal to 0.41 in 3-D condition.  

With respect to the bond stress  between the fibres and the concrete matrix, Lim et al. [29] suggested a value of 6.8 MPa, on 
the basis of test results. Naaman et al. [22] demonstrated that there is an increase in the bond stress for increasing values of the 

compressive strength of concrete and suggested a typical value of  as two times the tensile strength of concrete. Finally, 
Sharma [30] suggested that the interfacial bond stress can be taken proportional to √fc.  

In this study, the orientation factor Kf is assumed constant and equal to 0.5, accounting for the fact that in beams, the effects of 
vibration cause a re-orientation of the fibres inside the concrete and encourage a tendency towards a 2-D distribution (in 

agreement to [26]). Moreover, the fibre-matrix interfacial bond stress is estimated, in agreement to [31], as bond=kbond ∙√fc, 
where kbond is equal to 0.8 for end hooked fibres, 0.6 for crimped fibres and 0.4 for straight fibres.  

An instance of the adopted post-cracking tensile stresses-crack opening relationship is shown in Figure 8.7a: after cracking, the 

bridging action of the fibres allows enhancing the deformation capacity and the tensile stresses are kept equal to f for openings 
larger than wc (maximum crack width for stress transfer in plain concrete, [32]). Note that, assuming a constant value of Kf, the 
fibre bridging stresses are assumed constant at the crack surface. By doing so the total fibre contribution can thus be calculated 
by multiplying the post-cracking stresses times the area of the crack surface. In other words, Vf can be thus calculated by 
integrating the post-cracking stresses along the crack and projecting them vertically. This leads to: 

   AFbfffAFff xxbKxxbV   (8.19) 

Calculating the shear strength can thus be performed iteratively by using Eq. (6.5) and Eq. (8.17), with Vf defined in Eq. (8.19). 
Figure 8.7b shows an instance of the contributions of the different shear-transfer actions to the shear strength as a function of 
the strains at the level of the longitudinal reinforcement for a simply supported SFRC beams subjected to point loading. When 
the shear force (defined by the load-deformation relationship) equals the shear capacity (defined by the failure criterion), failure 
occurs (intersection between Eq. (6.5) and Eq. (8.17) in Figure 8.7b). It can be observed that, for this case, at failure, the three 
primary contributions carrying the shear force are the aggregate interlock (almost 50%), the residual tensile strength of concrete 
(about 20%) and the post-cracking tensile strength provided by the fibres (15%). However, it shall be noted that for larger 
volume of fibres, the shear force at failure is mainly carried by the post-cracking tensile strength of the fibres, whereas the 
contribution of aggregate interlock can be significantly reduced (for instance for a member with the same mechanical and 
geometrical properties but with a volume of fibre of 1.5%, the aggregate interlock contributes for less than 20% of the total 
shear strength).  

As stated previously, in the analysis shown in Figure 8.7b, the dowel capacity is calculated according to Eq. (6.22) defined in 
Section 6.4.4. However, as observed by Zarrinpour et al. [19], after the initiation of a dowelling crack, steel fibres hold the 
longitudinal bars by bridging, allowing them to develop some dowelling action and to contribute to the shear strength more 
significantly than in plain concrete. Moreover, the load-deformation relationship is defined according to Eq. (6.5), where the 
length lB contributing to the opening of the critical shear crack is assumed equal to d-c in agreement with reinforced concrete 
beams without transverse reinforcement. However, this assumption is questionable, since the lower spacing between the 
adjacent primary flexural cracks in SFRC members (0.4d instead of 0.56d) may influence the length lB contributing to the 
opening of the critical shear crack at failure. Further investigations on the critical shear crack shape, on the dowel capacity and 
on the load-deformation relationship in SFRC beams are thus necessary.  
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Figure 8.7 (a) Post-cracking behaviour of steel fibre reinforced concrete; (b) failure criterion and load-deformation relationship and 
contribution of the shear-transfer actions for a simply supported beam with steel fibre subjected to point load; (c) comparison of the refined 
approach and the closed-form equation with the experimental results of a campaign investigating the influence of the volume of steel fibres 

The closed-form equation can also be applied to SFRC beams, by modifying Eq. (7.18) in order to take into account the post-
cracking tensile strength due to the presence fibres in the concrete matrix. The contribution to the shear strength induced by the 
fibres can be calculated by using Eq. (8.19), which can be simplified introducing an average value of the horizontal projection 
of the critical shear crack: xF-xA can be assumed in the closed-form equation equal to 0.75 d. Eq. (8.19) thus results: 

  d.b.xxbKV bffAFbfffform.cl,f  75050  (8.20) 

The closed-form equation for SFRC members can be analytically derived following the main ideas described for members with 
low amount of shear reinforcement. By introducing Eq. (8.20) in Eq. (8.17), the shear capacity can be written: 

FF

form.cl,f
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V
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

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 (8.21) 

where Vc corresponds to the contribution of concrete and steel to the shear strength of the same member designed without 
transverse reinforcement (calculated according to Eq. (7.3)) and Vf is the additional residual tensile strength due to fibres. Eq. 
(8.21) can also be reformulated (by replacing VS+D with Vf,cl.form in Figure 8.4a):  

  form.cl,fcccform.cl,fcEcf,c VkVVkVV   (8.22) 

where Vc (E) represents the contribution to the shear strength obtained from the failure criterion of a member designed without 

shear reinforcement, Eis the deformation at failure, c is a reduction factor (refer to Eq. (8.11)) and kc is defined in Eq. (7.17). 
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Assuming that at failure the acting shear force is equal to the shear capacity (VE=Vc,f) and dividing Eq. (8.22) by Vc, Eq. (8.22) 
results: 
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Eq. (8.23) can be approximated by a linear relationship as shown in Figure 8.4b for reinforced concrete beams with low amount 
of shear reinforcement. The closed-form equation for SFRC beams can thus be written in the following manner: 
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where klin is equal to 0.75 (refer to Figure 8.4b). 

Figure 8.7c illustrates a comparison of the calculated shear strength according to both the refined approach (Eq. (6.5) and Eq. 
(8.17), assuming xA=0.5a) and the closed-form equation (Eq. (8.24), assuming xF =a-d) against some test results by Rosenbusch 
et al. [33]. It can be observed that the two approaches have similar trends and can describe the influence of the volumetric 
fraction of the fibres on the shear capacity. 

In order to verify the proposed approaches, 142 rectangular slender SFRC beams failing in shear have been collected from 
literature and used for comparison (see Section 8.4). Table 8.3 and Figure 8.8 show that both the refined approach and the 
closed-form equation provide relatively good estimates of the shear strength for SFRC beams, although their accuracy is slightly 
lower than when they are applied to simply supported beams subjected to point loading without steel fibres and without shear 
reinforcement. One of the main reasons for the larger coefficient of variation for SFRC beams is the larger scatter in the 
experimental results of statically determined SFRC structures in comparison with reinforced concrete structures without steel 
fibres [34]. The significance of this topic in future applications encourages further experimental investigations on the crack 
pattern, the load-deformation relationship, the dowelling action and the mechanisms of shear failure of SFRC beams. 

0 0.005 0.01 0.015 0.02
0

0.5

1

1.5

2

2.5

3

0 0.005 0.01 0.015 0.02
0

0.5

1

1.5

2

2.5

3

V e
xp

ca
lc

, r
ef

in
ed

 a
pp

ro
ac

h
[-

]
V V e

xp
ca

lc
,c

l.f
or

m
[-

]
V

(a) (b)

Average: 1.09

CoV: 15.3%

# of tests: 142

Average: 1.08

CoV: 14.5%

# of tests: 142

ρ f [%] ρ f [%]
 

Figure 8.8 (a) Ratio Vexp/Vcalc as a function of the volume of steel fibres: (a) Vcalc calculated according to the refined appraoch (Eq. (6.5) and 
Eq. (8.17)); (b) Vcalc calculated according to the closed-form equation (Eq. (8.24)) 

 Vexp / Vcalc [-] CoV [-] 

Refined approach  Eq. (6.5).+ Eq. (8.17), assuming xA =0.5a 1.09 0.153 

Closed-form equation (Eq. (8.24)), assuming xF =a-d 1.08 0.145 

Table 8.3 Comparison of calculated and experimental shear strengths of simply supported SFRC beams subjected to point load: average 
value Vexp / Vcalc and coefficient of variation (CoV) 
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8.2 Development of simplified design equations 

This section presents some simplifications that can be introduced in order to enhance the use of the closed-form equation 
developed within the frame of the mechanical model presented in this thesis. As stated in Section 7.8, Eq. (7.18) is a general 
formulation that allows calculating in a simple manner the shear strength. In particular, Eq. (7.18) accounts for the influence 
of the location of the control section with respect to the axis of load introduction, through the coefficient kc, and for the influence 
of the inclination of the critical shear crack, through the coefficient ka. Eq. (7.18) is recalled hereafter: 
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The coefficient kc, defined in Eq. (7.12), is related to the geometrical parameters hF and rF, where hF is the thickness of the 
compression zone above the tip of the critical shear crack and rF is the horizontal distance between the tip of the crack and the 

axis of load introduction (see Figure 7.2b). The value of kc is plotted in Figure 8.9a as a function of the reinforcement ratio  
for different values of rF (see black curves): it can be noted that kc increases for larger reinforcement ratios, whereas its values 
decreases for larger distances of the investigated crack from the point of load application (larger values of rF). In Section 7.3, 
in order to simplify the calculation, the coefficient hF was assumed constant and equal to 0.3d, leading to Eq. (7.17). As shown 
in Figure 7.5, the horizontal distance rF of the theoretical governing control section varies between d and 2 d for simply 
supported beams subjected to point loading, whereas its value is larger for simply supported beams subjected to distributed 
loading. However, rF cannot be easily quantified when more complex load combinations are applied. Therefore, for design 
purposes, in the following, kc is assumed constant and equal to approximately 1.1 for all cases (red curve in Figure 8.9a). 

Concerning the coefficient ka, Eq. (7.16) can be eventually approximated by a simple power-law equation of degree 1/6 (red 
curve in Figure 8.9b):  
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As shown in Figure 8.9b, Eq. (7.16) and Eq. (8.25) have a very similar shape; therefore, the considerations made in Section 7.3 
for the coefficient ka, calculated with Eq. (7.16), are still valid. 

0 1 2 3 4 5 6 7
0

0.2

0.4

0.6

0.8

1

0 0.01 0.02 0.03 0.04
1

1.1

1.2

1.3

1.4

ρ [-] acs/d  [-] 

kc  [-] 
ka  [-] rF

=d

rF=1.5d
rF=2d

(a) (b)

kc=1/(1-0.5∙hF/rF)

kc=1.1

ka=2/3∙(acs/d)1/6

ka=0.5+0.2∙(acs/d)1/3

 

Figure 8.9 (a) Coefficient kc calculated for a concrete fc=30 MPa according to Eq. (7.12) as a function of the reinforcement ratio  for 
different values of rF and assumed kc in Eq. (8.26); (b) Coefficient ka: comparison between Eq. (7.16) and Eq. (8.25) 

Following the abovementioned assumptions, Eq. (7.17) results: 
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By substituting Eq. (8.26) into Eq. (7.18), the closed form equation for shear design can be rewritten as: 
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where acs=ME/VE, ME and VE are respectively the acting bending moment and shear force at the control section,  is the 
reinforcement ratio, fc is the compressive strength of concrete measured in cylinders and ddg is a coefficient that takes into 
account the concrete type and its aggregates properties (refer to Eq. (6.17)). Note that the assumed equation for ka (Eq. (8.25)) 
allows simplifying Eq. (7.18): the term (acs/d)1/6 is included in the right part of Eq. (8.27). 

Eq. (8.27) can thus be used to calculate the shear capacity at the governing control sections. The shear capacity has to be 
checked at each potential control section located at a distance d from a static discontinuity (edge of intermediate support or 
point load) or geometric discontinuity or from a section of zero bending moment (refer to Table 7.2 and to control sections in 
Figure 8.10), in agreement with the considerations on Eq. (7.18). Furthermore, the control section shear span acs is limited by 
the conditions acs ≥d, following the observations of Section 7.5.4. For members subjected to axial forces or prestressing, acs 
shall be assumed equal to acs,eff , defined according to Eq. (7.24) and Eq. (7.25). The shear resistance of members without shear 
reinforcement Vc, calculated with Eq. (8.27), has to be compared to the design shear force in the control section VE and the 
following equation has to be verified: 

Ec VV   (8.28) 

In the presence of loads near intermediate supports or at cantilevers (loads acting on the tension face of the member), the 

reduction V on the acting shear force VE at the control section (refer to Eq. (7.35)) can be assumed equal to VE /5, in agreement 
with the analyses shown in Figure 7.16a-d. However, note that, due to the assumption of a constant kc, the shear capacity 
obtained with Eq. (8.27) for cantilevers subjected distributed loading is slightly lower than the shear capacity calculated 

according to Eq. (7.18). Therefore, the required reduction V may be eventually increased. The shear strength shall thus verify: 

VVV Ec   (8.29) 

In the regions where the shear resistance is exceeded (VE –(V)> Vc), shear reinforcement has to be provided. 
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Figure 8.10 Location of the control sections 

In Section 7.5.4, it was discussed that in case of variable loading conditions or variable positions of the applied loads, the 
coefficient ka shall be calculated assuming acs equal to minimum moment-to-shear ratio at the control section obtained from 
the different load combinations, whereas in the right part of Eq. (7.18), acs shall be assumed equal to maximum moment-to-
shear ratio at the control section obtained from the different load combinations. However, in Eq. (8.27), ka is not explicitly 
expressed, as acs/d is introduced in the right part the equation, and thus the influence of the different load combinations on the 
shape of the critical shear crack and on the shear capacity cannot be directly considered. Therefore, in the case of a variable 

positions of the applied loads, it is proposed to assume V equal to 0 and acs shall be taken equal to the maximum moment-to-
shear ratio obtained at the control section from the different load combinations. This assumption is less physical, but it allows 
estimating the lower shear capacity due to the less favourable shape of the critical shear crack. 

Further simplifications can be also introduced to use the design equation (Eq. (8.27)) for reinforced concrete beams with low 
amount of shear reinforcement and for steel fibre reinforced concrete beams without transverse reinforcement. As far as 
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members with low amount of shear reinforcement concern, Eq. (8.27) shall be modified in order to take into account the 
contribution of the shear reinforcement and the additional dowel capacity (refer to Eq. (8.15)). By assuming a constant value 
for kc (refer to red line in Figure 8.9a) and klin equal to 0.75 (refer to Figure 8.4b), the additional contribution due to the stirrups 
and to the dowelling action in Eq. (8.15) can be rewritten as: 

    ywwstirrups,bctform.cl,Sform.cl,Dowellincstirrups fdb..kfdb.VVkkV   8502505850  (8.30) 

where fct is the tensile strength of concrete,  is the longitudinal reinforcement ratio, kb,stirrups is defined in Eq. (8.5), w is the 
ratio of transverse reinforcement and fyw is the yield strength of transverse reinforcement.  

The shear capacity of a reinforced concrete beams with low amount of shear reinforcement (w ≤0.3%) can thus be calculated 
as: 
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with kb,stirrups - 0.25≥0. 

Concerning SFRC beams without shear reinforcement, the post-cracking tensile strength of concrete due to fibres (refer to Eq. 
(8.24)) can be approximated, assuming a constant value for kc and klin equal to 0.75, by the following equation: 

db.VkkV bfffom.cl,flincsfrc  330 (8.32) 

where f = lf/df is the aspect ratio of the fibre, f is the volumetric fraction of the fibres and b is the bond stress between the 

fibres and the concrete matrix. The fibre-matrix interfacial bond stress can be estimated as bond=kbond ∙√fc, where kbond is equal 
to 0.8 for end hooked fibres, 0.6 for crimped fibres and 0.4 for straight fibres [31]. 

The shear strength of SFRC beams without transverse reinforcement (f ≤2%) can thus be calculated as: 
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Table 8.4 shows a detailed comparison of the results of the design equations (Eq. (8.27), Eq. (8.31) and Eq. (8.33) with acs ≥ 
d) against the experimental results of 1179 tests on slender simply supported beams, slender cantilevers and slender continuous 
beams without transverse reinforcement subjected to point and distributed loading, slender simply supported beams with low 
amount of shear reinforcement subjected to point loading, and slender simply supported beams with steel fibres subjected to 
point loading. The average measured-to-calculated shear strength and the coefficient of variation are comparable to those 
resulting from the refined mechanical model and the closed-form equation presented in the previous Chapters. 

Reinforced concrete beams without transverse reinforcement 
No. of 

specimens 
Vexp / Vc Eq. (8.27) [-] CoV [-] 

Simply supported beams or cantilevers subjected to point load  635 1.03 0.144 

Simply supported beams or cantilevers subjected to point load (LWC) 50 1.08 0.110 

Simply supported beams subjected to point load and axial compression or tension forces 95 1.04 0.132 

Prestressed simply supported beams subjected to point load  27 1.26 0.133 

Simply supported beams subjected to distributed load 63 0.99 0.131 

Continuous beams subjected to distributed load (failure M-) (V = VE/5) 26 1.20 0.125 

Continuous beams subjected to distributed load (failure M+)  16 1.09 0.115 

Cantilevers subjected to distributed load (V =VE/5) 20 1.11 0.113 

Reinforced concrete beams with low amount of shear reinforcement (w<0.3%)  Vexp / Vc,S Eq. (8.31) [-] CoV [-] 

Simply supported beams or cantilevers subjected to point load 105 1.13 0.139 

Reinforced concrete beams with steel fibres (f<2.0%)  Vexp / Vc,f Eq. (8.33) [-] CoV [-] 

Simply supported beams or cantilevers subjected to point load 142 1.11 0.149 

Table 8.4 Comparison of calculated and experimental shear strengths: average value Vexp / Vc,calc and coefficient of variation (CoV)  
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8.3 Conclusions 

This Chapter presents further applications of the mechanical model based on the development of the critical shear crack and 
the closed-form equation for lightweight reinforced concrete beams, reinforced concrete beams with low amount of shear 
reinforcement and steel fibre reinforced concrete members. In addition, a design formulation based on the mechanical model 
is proposed. The main conclusions are listed below: 

1. The shear capacity of lightweight reinforced concrete beams can be satisfactorily estimated considering the aggregate 
size dg equal to zero and reduced fracture properties of concrete due to the replacement of normal-weight aggregates 
with lightweight aggregates. 

2. The shear strength of reinforced concrete beams with low amount of shear reinforcement can be calculated following 
the procedure described for beams without transverse reinforcement. The failure criterion is obtained accounting for 
the contribution of the beam shear-transfer actions (aggregate interlock, dowelling action, residual tensile strength of 
concrete, inclined compression chord) and, in addition, for the contribution of the shear reinforcement. 

3. The shear strength of SFRC beams can also be investigated on the basis of the mechanical model. This can be done 
considering the contribution of the various beam shear-transfer actions and the additional post-cracking tensile 
strength due to the fibres. 

4. Further simplifications of the closed-form equation, more suitable for shear design of reinforced concrete members 
with or without low amount of shear reinforcement or with steel fibres, are proposed. These simplified design 
equations are compared to the experimental results of 1179 tests reported in literature, leading to good estimates of 
the shear strength. 

8.4 Appendix A 

In this appendix, the test series on lightweight concrete beams, reinforced concrete beams with low amount of shear 
reinforcement and steel fibre reinforced concrete beams, used for validation of the mechanical model and the closed-form 
equations, are reported.  

Table 8.5 Test series on lightweight reinforced concrete beams and comparison with Eq. (7.18) 

Researchers 
No. of 

specimens 
fc[MPa] d [mm] a/d  [-] ρ [%] 

Vexp/Vclosed-eq. 

(COV)
Ivey et al. [35] 20 19.5 to 33.0 188 to 395 3.00 to 4.95 0.93 to 2.10 1.11 (0.094) 

Taylor et al. [36] 24 26.0 to 39.8 221 3.80 1.21 to 1.88 0.98 (0.070) 
Walraven [37] 6 27.8 to 31.4 125 to 720 3.00 to 3.11 0.74 to 1.58 1.11 (0.075) 

 50  1.05 (0.104) 

 

Table 8.6 Test series on simply supported beams with low amount of transverse reinforcement and comparison with Eq. (8.15) 

Researchers 
No. of 

specimens 
fc [MPa] d [mm] a/d  [-] ρ [%] w[%] 

Vexp/Vclosed-eq. 

(COV)
Angelakos et al. [38] 2 32 to 38 925  2.88  0.50 to 1.01 0.079 0.98 (0.102) 

Bhal [39] 4 25.5 to 27.2 300 to 1200 2.70 to 2.88 1.26 0.147 1.08 (0.091) 
Bresler et al [40] 2 24.1 to 29.6 464 to 466 3.76 to 3.78 1.80 0.098 to 0.195 1.27 (0.013) 

Campana et al. [8] 4 41.5 to 57.2 346 to 354 3.45 to 3.53 1.06 to 1.52 0.062 1.05 (0.075) 
Cladera et al. [41] 6 49.9 to 87 351 to 353 2.95 to 2.97 2.28 to 2.99 0.109 to 0.239 1.12 (0.058) 

Huber et al. [9] 6 29.6 to 60.9 230 to 920 3.04 1.17 to 1.25 0.084 to 0.112 0.93 (0.119) 
Johnson et al. [42] 3 36.4 to 55.9 539 3.10 2.49 0.078 to 0.156 0.96 (0.033) 
Johnston et al. [43] 3 22 to 22.2 305 3.00 0.78 to 0.82 0.102 0.92 (0.077) 

Kong et al. [12] 31 61.6 to 86.6 198 to 332 2.50 to 3.40 2.79 to 4.73 0.099 to 0.256 1.14 (0.113) 
Krefeld et al. [44] 10 15.7 to 42.7 456 3.87 2.23 0.109 to 0.244 0.97 (0.104) 
Ozcebe et al. [45] 5 61 to 82 310 3.00 to 5.00 2.59 to 4.43 0.209 to 0.279 1.10 (0.161) 
Pansuk et al. [46] 1 35 300 3.50 4.50 0.343 1.15 (-) 

Petersson [47] 1 38 322 3.57 1.07 0.215 1.02 (-) 
Quast et al. [48] 1 47.3 355 3.27 1.33 0.091 0.91 (-) 

Regan [49] 6 25.9 to 42.3 254 to 272 3.22 to 4.36 1.46 to 4.17 0.213 1.10 (0.099) 
Roller et al. [50] 3 72.4 to 125.3 762 2.91 1.88 to 2.89 0.158 to 0.234 1.04 (0.133) 

Rosenbusch et al. [33] 2 47.9 to 49.2 260 3.37 3.55 0.070 to 0.140 0.96 (0.107) 
Sarsam et al. [51] 6 70.1 to 80.1 233 2.50 to 4.00 2.82 to 3.51 0.093 to 0.186 1.34 (0.168) 

Yoon et al. [6] 9 36 to 87 655 3.28 2.86 0.081 to 0.236 1.12 (0.079) 
 105      1.09 (0.137) 
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Table 8.7 Test series on simply supported beams with steel fibres and comparison with Eq. (8.24) 

Researchers 
No. of 

specimens 
fc [MPa] d [mm] a/d  [-] ρ [%] f[%] 

Vexp/Vclosed-eq. 

(COV)
Ashour et al. [52] 5 93.8 to 97.1 215 4.00 to 6.00 2.84 to 4.58 0.50 to 1.50 0.79 (0.114) 

Barragan [53] 5 37.7 to 38.8 260 to 540 3.34 to 3.50 2.41 to 3.08 0.50 0.97 (0.132) 
Batson et al. [54] 31 33.2 to.40.2 126 2.80 to 5.00 3.10 0.22 to 1.76 1.05 (0.079) 

Casanova et al. [55] 1 90 225 2.90 3.57 1.30 1.32 (-) 
Cucchiara et al. [56] 1 40.9 218 2.80 1.92 1.00 1.16 (-) 

Dinh et al. [20] 6 29.6 to 49.2 381 to 610 3.44 to 3.50 1.56 to 2.67 0.75 to 1.50 1.11 (0.061) 
Dupont et al. [57] 10 26.5 to 47.6 260 2.50 to 4.04 1.81 to 3.55 0.25 to 0.75 1.15 (0.121) 

Jain et al. [58] 13 26.2 to 53.4 251 3.49  2.67 1.00 1.18 (0.114) 
Li et al. [14] 11 50.2 to 62.6 102 to 204 2.50 to 3.00 1.10 to 3.30 1.00 to 2.00 1.09 (0.085) 

Lim et al. [29]  5 34 221 2.50 to 3.50 1.19 to 2.39 0.50 to 1.00 0.90 (0.107) 
Mansur et al. [15] 7 2.06 to 33.40 197 2.80 to.360 1.34 to 2.00 0.50 to 0.75 0.99 (0.127) 
Minelli et al. [17] 7 24.4 to 61.1 435 to 910 2.50 to 2.51 0.99 to 1.04 0.25 to 0.64 1.32 (0.169) 
Minelli et al. [59] 4 32.1 to 33 940 to 1440 3.00 1.01 to 1.07 0.64 to 1.00 0.95 (0.111) 

Noghobai [60] 5 60.2 to 75.7 410 to 570 2.93 to 2.98 2.90 to 3.00 0.50 to 0.75 1.22 (0.130) 
Parra-Montesinos et al. [61] 5 31 to 49.2 381 3.40 to 3.50 2.67 1.00 to 1.50 1.08 (0.047) 

Rosenbusch et al. [33] 13 37.7 to 48.3  260 to 540 2.50 to 4.00 1.20 to 3.60 0.25 to 0.76 1.07 (0.093) 
Schantz [62] 3 31.5 to 33.7 546 2.80 1.84 0.50 to 1.50 0.90 (0.055) 

Shoaib et al. [18] 7 23 to 80 240 to 923 3.25 to 3.85 1.44 to 4.03 1.00 1.10 (0.184) 
Swamy et al. [63]  3 35.5 to 39.8 210  4.50 4.00 0.40 to 1.20 1.07 (0.100) 

 142      1.08 (0.145) 
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 Conclusions and Future Research 
This thesis investigated the shear behaviour of slender reinforced concrete members without transverse 

reinforcement. This dissertation consists of two main parts: (a) an experimental investigation on reinforced concrete members 
subjected to different loading and support conditions: the experimental measurements allowed characterizing the development 
of the critical shear crack and identifying the shear-transfer actions governing for the shear-capacity; (b) the development of a 
mechanical model based on the new experimental evidences and the derivation of a closed-form equation for shear design. 

The main results of the two parts are summarized in Section 9.1. Section 9.2 discusses several questions that are still open and 
may be addressed in future studies. 

9.1 Conclusions 

9.1.1 Experimental investigation 

The experimental programme aimed at studying the influence of different loading and support conditions on the shear strength 
of reinforced concrete members without transverse reinforcement. Twenty-five experimental tests were performed on twenty 
reinforced concrete beams. The main conclusions of the experimental work are: 

- Digital image correlation (DIC) is a very suitable tool that allows detailed tracking of the crack pattern and analyses 
of the crack kinematics during loading and during the process of failure. 

- The experimental measurements show that the critical shear crack progresses to failure in different manners.  

- The position, inclination and opening of the critical shear crack play a major role on the shear strength. 

- There is a significant influence of the type of loading (point or distributed load) on the shear capacity of slender 
reinforced concrete members without transverse reinforcement. The shear resistance of slender cantilevers subjected 
to distributed load is higher than the one of cantilevers subjected to point load. However, this influence depends 
significantly on the location and shape of the critical shear crack. For instance, within the present testing programme, 
for non-slender members, the shear resistance decreased when distributed load was applied. 

Regarding the crack pattern and the development of the critical shear crack in slender members, the most interesting findings 
are: 

- Numerous bending cracks develop at the level of the longitudinal reinforcement, but only some flexural cracks 
(primary flexural cracks) propagate up to one-half of the effective depth of the member. Primary flexural cracks 
develop at a distance between each other that normally varies between 0.4d-0.8d, with an average value of 0.56d for 

the investigated specimens. The angle of the primary flexural cracks AB is related to the acting bending moment and 
the shear force at the section at which the flexural crack develops. 

- The shape of the critical shear crack can be idealized by a bilinear segment representing a quasi-vertical bending 
crack (primary flexural crack), which propagates up to the neutral axis, followed by a quasi-horizontal branch which 
develops from the quasi-vertical flexural crack within the compression zone. 

- The development of the quasi-horizontal branch from a primary flexural crack can be explained and predicted by 
Kani’s model (accounting for residual tensile strength of concrete). Such crack development is not directly associated 
to failure, as, in most cases, the load can still be significantly increased. 
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- After the development of a quasi-horizontal crack within the compression zone, combined crack opening and sliding 
may cause large concentration of aggregate interlock stresses in the steeper part of the flexural crack and failure may 
be triggered by the development of an aggregate interlock induced crack. 

- The kinematics of the critical shear crack is characterized by the centre of rotation located close to the tip of the crack. 

- The maximum opening of the critical shear crack develops approximately at mid-height of the specimen. When the 
opening of all secondary cracks developing within a length lB is accounted for, the total crack opening follows a 
linear distribution over the beam depth. 

- At peak load, the length that contributes to the opening of the critical crack lB is roughly constant for the investigated 
specimens and it can be approximated by d-c, where d is the effective depth and c is the height of compression zone. 
The horizontal opening of the critical shear crack at the level of the longitudinal reinforcement can be assumed to be 
equal to the product between the longitudinal strain and the length lB. With this assumption, the opening of the critical 
crack can be easily calculated as it is proportional to the acting bending moment at the section corresponding to the 
tip of the crack. 

The laboratory measurements allow identifying different types of critical crack development and failure modes and their 
associated governing shear-transfer actions. The refined kinematical measurements of the relative displacements in the cracks 
in combination with suitable mechanical models allow calculating the contributions of the various potential shear-transfer 
actions (beam-shear transfer actions and arching action). The main conclusions of these analyses are: 

- The relative significance of the various potential shear-transfer actions depends mainly on the shape, location and 
kinematics of the critical shear crack. During loading, as cracks progress, some shear-transfer actions become 
predominant while others lose on significance. Even in some cases, some specimens were reloaded after a first failure 
and were capable of developing alternative shear-transfer actions (particularly arching action and dowelling action 
of the compression reinforcement) with a strength comparable to the one of the first failure.  

- The cantilever action is governing for load levels lower than the failure loads. This shear-transfer action is reduced 
by the development of a quasi-horizontal crack within the compression zone. Yet, the development of the quasi-
horizontal crack does not imply failure of the specimen and the capacity to increase the applied load after this crack 
propagation is related to other beam shear-transfer actions (aggregate interlock, dowelling action and residual tensile 
strength of concrete). 

- Dowelling action can be activated as flexural reinforcement follows a vertical displacement, which happens for an 
inclined primary flexural crack and when the quasi-horizontal crack progresses. The capacity of the dowelling action 
depends mainly on the location of the critical shear crack. Its contribution is generally limited, but not necessarily 
negligible. When distributed loads are applied on the tension side of the member, the contribution of the dowelling 
action is more significant. 

- Aggregate interlock and residual tensile strength of concrete depend mainly on the shape and kinematics of the critical 
shear crack. After the propagation of the quasi-horizontal branch of the critical shear crack, only the upper part of the 
crack is subjected to pure opening and it is thus governed by the residual tensile strength of concrete. The quasi-
vertical branch of the critical shear crack is subjected to combined opening and sliding and it is thus governed by 
aggregate interlock. When the critical shear crack develops below the load introduction plate and below the 
theoretical compression strut and it is almost straight, aggregate interlock is practically negligible. 

- For slender members, beam shear-transfer actions are governing for the shear capacity, with aggregate interlock being 
the dominant shear-transfer action. The contribution of the inclined compression chord at maximum load is limited 
and in some cases almost negligible.  

- For squat members, or when the critical shear crack develops below the load introduction plate and below the 
theoretical compression strut, the arching action becomes governing. 

- Although the critical shear crack presents a variation of its shape and geometry through the width of the member, 
analyses of the shear-transfer actions do not reflect high sensitivity on this issue. 
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9.1.2 Theoretical investigation 

A mechanical model for shear design of slender members without shear reinforcement is proposed. The mechanical model is 
consistent with the main assumptions of the CSCT [1]. The shear force transferred by the various shear-transfer actions is 
calculated assuming a realistic shape and kinematics of the critical shear crack (based on the experimental measurements) and 
integrating suitable constitutive laws for cracked concrete in mode I (residual tensile strength), and mode I-II (aggregate 
interlock), for dowelling action and for uncracked concrete (compression zone): 

- A failure criterion can be obtained by summing the contribution of the different shear-transfer actions. The failure 
criterion can be used in combination with a load-crack opening (load-deformation) relationship to calculate the shear 
capacity, the role of the various shear-transfer actions at failure and the deformation capacity.  

- The mechanical model allows determining the theoretical governing location of the critical shear crack, as the section 
where the shear strength curve is tangent to the shear force curve. 

- The shear strength is shown to be dependent on the location, shape, opening and roughness of the critical shear crack. 

- The mechanical model is suitable for shear design of one-way slabs and slender beams without transverse 
reinforcement subjected to different loading and support conditions: simply supported beams, continuous beams, 
cantilevers subjected to point load (with and without axial forces) or distributed load. 

- The failure criteria obtained by integration of stresses at the crack surface can be approximated by power-law 
equations. These power law failure criteria in combination with the load-deformation relationship allow deriving a 
closed-form equation for shear design.  

- The closed-form equation provides almost identical results to the general approach that accounts for the contribution 
of the various shear-transfer actions for each possible location of the control section. 

- The derived closed-form equation allows calculating the shear capacity and understanding the role of the main 

mechanical parameters governing the shear strength (the reinforcement ratio , the compressive strength fc, the 
aggregate type and size dg, the shear slenderness at the control section acs, the effective depth d, the location of the 
critical shear crack with respect to the load introduction plate (kc) and the inclination of the critical shear crack (ka).) 

- For shear design, the closed-form equation can be applied to slender members subjected to different loading and 
support conditions by checking the shear strength at a control section located at a distance d either from a static 
discontinuity (concentrated load or intermediate support) or from a section with zero acting bending moment (end 
support or points of contraflexure in continuous beams). The control section shear span acs (calculated as the moment-
to-shear ratio at the control section) needs to be limited by the condition acs≥d. In the presence of distributed loads 
acting on the tension face of the members in the proximity of the intermediate supports of continuous beams or at 

fixed supports of cantilevers, a fraction of the loads V=V/5 shall be subtracted from the shear force at the control 
section. 

- The mechanical model and the closed-form equation can be applied also to members with low amount of shear 
reinforcement and with steel fibres, failing due to localization of strains at the critical shear crack. The failure criteria 
can be calculated by accounting for the contribution of the various beam shear-transfer actions and respectively the 
contribution of the shear reinforcement for members with low amount of shear reinforcement or the contribution of 
the post-cracking tensile strength due to fibres for SFRC members. 

- The mechanical model and the closed-form equations show a good agreement when compared to the experimental 
results of 1179 tests on slender reinforced concrete members subjected to different loading and support conditions.  

9.2 Future Work 

This section presents the principal issues that may be addressed in further investigations. 

At the experimental level: 

- The value lB has been assumed equal to d-c and validated in this thesis for two amounts of flexural reinforcement 

ratio  (0.54% and 0.89%). Consistent results have also been obtained for slender members with a reinforcement 
ratio equal to 1.32% [2]. More experimental tests on slender reinforced concrete members with different amounts of 
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reinforcement ratio investigated by means of the digital image correlation technique are required: it is recommended 
to investigate sufficiently slender members in order to guarantee that the critical shear crack does not develop below 
the theoretical compression strut. 

- A recent experimental investigation on the influence of the width-to-effective depth (b/d) ratio has shown that for 
members with a shear span-to-effective depth ration equal to 2.5, an increase of the ratio b/d from 1 to 3 leads to an 
enhancement of the shear capacity of approximately 25% [3]. According to Conforti et al. [3], the parameter b/d 
influences the crack development through the width of the specimen, leading to shear cracks with significant 
deviation and bifurcation that guarantee a larger aggregate-interlock capacity for higher values of b/d. This effect 
may eventually be more pronounced for members with larger a/d where aggregate interlock plays a more significant 
role. However, a good agreement with no noticeable trend with respect to the parameter b/d can be observed when 
comparing the proposed mechanical models with the available experimental results of 872 beams without shear 
reinforcement (see Figure 7.23f). The enhanced shear capacity measured by Conforti et al. [3] may be thus related to 
the low shear span-to-effective depth ratio (a/d=2.5), to the shape and location of the critical shear crack whose 
development allowed the activation of the theoretical compression strut above the critical shear crack for some 
specimens, leading to a large scatter in the experimental results. An experimental campaign of sufficiently slender 
members may provide additional knowledge on this issue. 

- In the present experimental investigation, it has been observed that the shape of the critical shear crack is influenced 
by the moment-to-shear ratio at the section where the primary flexural crack develops. All investigated specimens in 
the databases have been tested keeping constant the static scheme, and thus the moment-to-shear ratio along the span 
of the member remained constant during the entire test. Recently, Tung et al. [4] carried out an experimental campaign 
on continuous members, where the static scheme was varied during loading: close to failure the distance of the point 
of contraflexure from the fixed support was increased from approximately 1.5d to 2.5d, leading to an increase of the 
moment-to-shear ratio at the critical shear crack location. For these members, the shear capacity can be correctly 

predicted if the angle AB of the critical shear crack is defined prior to the load adjustment, whereas, if the angle of 
the critical shear crack is calculated based on the moment-to-shear ratio at failure, the theoretical models presented 
in this thesis overestimate the shear-capacity. The significance of this topic encourages further experimental 
investigations on the influence of variable loads on the shape of the critical shear crack and on the shear capacity.  

- Further experimental tests on continuous members subjected to distributed load and axial compression forces are 
needed: the existing database is insufficient. 

- More experimental tests on slender reinforced concrete members with low amount of transverse reinforcement 
investigated by means of the digital correlation technique shall be performed, with the aim to validate the load-
deformation relationship and to characterize the shape of the critical shear crack at failure. The existing database is 
also insufficient to extract valid conclusions on the transverse reinforcement ratio that avoids failure to occur by 
development of a single crack localizing strains. Moreover, the influence of spacing between stirrups, flexural 
strength of stirrups and diameter of longitudinal bars shall be investigated. 

- More experimental tests on slender reinforced concrete members with steel fibres investigated by means of the digital 
correlation technique shall be performed in order to understand the failure mechanisms and the shape and kinematics 
of the critical shear crack. For these members it is recommended to investigate sufficiently slender members (for 
instance with a/d>4) in order to guarantee that the critical shear crack does not develop below the theoretical 
compression strut.  

At the theoretical level: 

- Aggregate interlock is acknowledged as one of the most significant shear-transfer actions in cracked concrete 
members without shear reinforcement. A consistent physical approach that allows calculating the interface stresses 
shall be developed. The approach shall clarify the role of roughness due to aggregates (micro-roughness) and due to 
the shape (meso-roughness) of the critical shear crack. Moreover, the influence of the strengths of the aggregates 
with respect to the one of the concrete matrix shall be investigated. In addition, different histories of kinematics 

(different initial openings and tangent mixed mode angles T, refer to Figure 6.4a) shall be studied. The final aim 
shall be to provide a consistent methodology for the calculation of aggregate interlock stresses on the basis of the 

crack shape and kinematics (opening w and sliding ) of normal-strength, high-strength, recycled and lightweight 
reinforced concrete and to develop new simple formulations for shear design. Finally, the development of aggregate 
interlock induced crack shall be monitored and investigated in detail. 
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- For simply supported beams subjected to point load, the role of the dowelling action has been observed to be limited, 
but not negligible. The contribution of the dowelling action is more significant for cantilevers or continuous members 
subjected to distributed loading. A systematic investigation on the influence of the longitudinal strains on the dowel 
capacity shall be performed and a physical approach that accounts for the reduced capacity due to flexural strains 
shall be developed. In addition, the dowelling action shall be investigated in detail for members with low amount of 
transverse reinforcement and with steel fibres. 

- As presented in Chapter 4, the length lB contributing to the opening of the critical shear crack is roughly constant and 
equal to 0.67z when the quasi-horizontal branch of the critical shear crack starts developing. Moreover, it has been 
shown that the shear force that causes the development of the quasi-horizontal segment can be calculated in 
accordance with the simple Kani’s tooth model [5], accounting for the residual tensile strength of concrete. On this 
basis, the mechanical model presented in this thesis may be improved, by assuming a more realistic history kinematics 
of the quasi-vertical segment of the critical shear crack (an initial opening followed by a mixed mode response) and 
by using a physical model for aggregate interlock that accounts for the different values of initial openings and mixed 
mode angles along the crack profile. By doing so, the length lF of the quasi-horizontal branch shall not be fixed a 
priori, but it could be determined as the minimum length beyond which the sum of the contribution of the shear-
transfer actions starts decreasing. 

- The mechanical model and the closed-form equation can be applied to study the shear capacity of reinforced concrete 
T beams without shear reinforcement, by accounting for the beneficial effects of the compression flange on the shear 
strength. The contribution of the inclined compression chord shall be suitably evaluated taking into account for the 
flange-web interaction and the location of the control section shall be studied for these members. 

- The mechanical model and the closed-form equation may be applied to cantilever slabs and simply supported slabs 
subjected to concentrated load near linear supports. For these members, the shear force is not constant along the 
control section and it may be averaged over a certain width. Additional studies on the location of the control section, 
internal force redistribution due to shear cracking and the effective width are required.  

- The enhanced shear strength of prestressed beam requires additional studies, by further investigating the influence of 
the eccentricity of the post-tensioning tendons. 

- The mechanical model shall be improved for reinforced concrete members with low amount of shear reinforcement, 
by quantifying the dowelling action in a more physical manner and eventually by refining the main assumptions on 
the shape of the critical shear crack and the load-crack opening relationship. The approach shall provide the minimum 
transverse reinforcement ratio that avoids strain localization. 

- The mechanical model shall be improved for reinforced concrete members with fibres, by assuming a more realistic 
post-cracking softening law derived directly from experimental tensile tests, by investigating the dowelling action 
for these members and eventually by refining the assumed shape of the critical shear crack and the load-crack opening 
relationship. 
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 Appendix 1 
In this Appendix, the photos of the specimens taken after failure are shown in Figure A1.1, Figure A1.3 and Figure 

A1.5. Moreover, the displacement profiles measured by means of DIC or NDI (or LVDT when no photogrammetry 
measurements were performed) at the top and bottom fibre at selected load steps are shown in Figure A1.2, Figure A1.4 and 
Figure A1.6. In the plotted deformed shapes, the rigid body rotation of the beam was corrected in order to have zero vertical 
displacement at the end support and at the intermediate support (refer to Figure 5.1 for the scheme of the test setup and loading 
conditions and to Figure 5.2 for the crack pattern at peak load).  

Note that, in specimens SC52, SC55 and SC67, the development of a diagonal crack close to the right support was followed by 
a drop in the applied load of 5-10%. These specimens however could be reloaded. In specimen SC52a, a shear crack developed 
close to the left support. The specimen was repaired by means of external plates fixed with prestressed bolts and retested: a 
second failure crack developed close to the point of contraflexure (SC52b, see Figure A1.1). In specimens SC55a and SC67a, 
a direct strut action developed in the uncracked compression zone above the critical shear crack and failure occurred due to 
crushing of the compression zone (see respectively Figure A1.1 and Figure A1.5). 
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Figure A1.1 Photos of crack pattern after failure: members subjected to distributed loading. 
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Figure A1.2 Members subjected to distributed loading: vertical displacement profile of bottom fibre at selected load steps (continuous lines). 
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Figure A1.3 Photos of crack pattern after failure: cantilevers subjected to distributed loading 
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Figure A1.4 Cantilevers subjected to distributed loading: vertical displacement profile of top fibre (dashed lines) and vertical displacement 
profile of bottom fibre (continuous lines) at selected load steps. 
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Figure A1.5 Photos of crack pattern after failure: cantilevers subjected to point loading. 
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Figure A1.6 Specimens subjected to point loading: vertical displacement profile of top fibre (dashed lines) and vertical displacement profile 
of bottom fibre (continuous lines) at selected load steps. 
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